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1 Introduction

In this paper, we consider graphical Gaussian models with symmetry constraints.
Symmetry restrictions in the multivariate Gaussian have a long history dating back to
Wilks (1946) and the reader is referred to Lauritzen and Gehrmann (2012) for a complete
list of references. In their thesis, Hylleberg et al. (1993) consider Gaussian models with
conditional independence and symmetry restrictions that could be described by a group
action, that is, graphical Gaussian models with group symmetry restrictions. This was
followed by Andersen et al. (1995) and Madsen (2000). More recently, Hgjsgaard, S. and
S. Lauritzen (2008) considered graphical Gaussian models with symmetry constraints
not necessarily described by a group action. Rather those symmetries are described by
coloured graphs G = (V, ) with skeleton G = (V, E) where V is the set of vertices, E
the set of undirected edges, V is the set of colour classes for the vertices and £ the set of
colour classes for the edges. The models for X = (X,,v € V) are therefore also called
coloured graphical Gaussian models. The symmetry is given by the equality of certain
entries either in the covariance, the correlation or the precision matrices. Coloured
graphical Gaussian models have two main advantages. First they may reflect true or
imposed symmetries. For example, variables could represent characteristics of twins (see
Frets heads data set, Frets 1921) and therefore be assumed to be equal. Second, since
conditional independences imply that certain entries of the precision matrix are set to
zero, these restrictions combined with the symmetry restrictions reduce the number of
free parameters and facilitate inference in high-dimensional models. Hgjsgaard, S. and
S. Lauritzen (2008) developed algorithms to compute the maximum likelihood estimate

of the covariance, correlation or precision matrix.

In Massam et al. (2015), the authors considered the coloured graphical Gaussian
model with symmetry restrictions on the precision matrix and they did so from a

Bayesian perspective. Given a sample X1, ..., X,, from the coloured graphical Gaussian



model with precision matrix K, the distribution of Y | X; X! is a Wishart distribution,
which is a natural exponential family with canonical parameter K. A convenient prior
for K is therefore the Diaconis-Ylvisaker (1979) distribution. Massam et al. (2015) gave
a method to sample from this distribution in order to estimate K as the mean of the
posterior Diaconis-Ylvisaker conjugate distribution. As illustrated in that paper, the
estimates are accurate but it is difficult to do the computations for models with more
than 30 variables. The accuracy decrease and the computational time increases with p,
the number of variables, and it is therefore not possible to estimate the posterior mean

for large models.

In order to be able to give a Bayesian estimate of the posterior mean of the precision
matrix for high-dimensional models, in this paper, we consider distributed estimation.
The idea behind distributed estimation is that one considers the conditional or marginal
models for each vertex v € V' and its neighbours, and show that some of the parameters,
say 0(,),v € V, of the local models are the same as some of the components of the
parameter 6 of the given, i.e. global, model. Then one estimates 6,y in the local
model and then combines the local estimates to give an estimate of the parameter 6.
In this paper, the parameter that we want to estimate is the precision matrix § = K.
Distributed estimation is usually done using local conditional models. Meng et al (2014)
were the first ones to use local marginal rather than conditional models in the context of
graphical Gaussian models. It is easy to find the unnormalized density of the X, un,-
marginal distribution of the Diaconis-Ylvisaker prior and using the results of Massam et
al. (2015) we know how to sample from this distribution. Like Meng et al. (2014), we
will therefore also use local marginal distributions for the DY prior but we will do so in
a Bayesian context. Having obtained our Bayesian estimate of K using local marginal
models, we will study its asymptotic properties. We will do so first under the traditional
asymptotic conditions, i.e. when the sample size n goes to infinity and the number of
variables p is fixed and second under the double asymptotic regime when both n and p

go to infinity.

The study of the asymptotic properties, for p fixed, of the Bayesian estimate goes back
to Bickel & Yahav (1969) who proved the convergence of the normalized posterior density
to the appropriate normal density as well as the consistency and efficiency of the posterior
mean. Since then, a lot of research has been devoted to Bayesian asymptotics for p fixed.

One of the most recent and well-known work in that area is Ghosal et al. (1995). For



both p and n going to infinity, Ghosal (2000) studied the consistency and asymptotic
normality, under certain conditions, of the posterior distribution of the natural parameter
for an exponential family when the dimension of the parameter grows with the sample
size. The author also indicates that under additional conditions, the difference between
normalized posterior mean of the canonical parameter and the normalized sample mean

tends to 0 in probability.

We will prove in this paper first that, for p fixed, our estimate is consistent and
asymptotically normally distributed, second that, for both p and n going to infinity,
under certain boundedness conditions and for % — 0, our estimate tends to the
true value of the parameter with probability tending to 1. For p fixed our arguments are
classical arguments adapted to our distributed estimate. Under the double asymptotic
regime, there are three main features to our proofs. For each local model, we follow an
argument similar to that given in Ghosal (2000). We therefore need to verify that our
DY conjugate prior and our sampling distribution satisfy the conditions and properties
assumed by Ghosal (2000) in his arguments. The second feature is that in the process of
proving that the norm of the difference between our estimate and the true value of the
parameter tends to 0, we need to prove that asymptotically, our sampling distribution
asymptotically satisfies so-called cumulant-boundedness condition. To do so, we use an
argument similar to that developed by Gao and Carrol (2016) who, in turn, were inspired
by the sharp deviation bounds given by Spokoiny and Zhilova (2013) for n fixed. Finally,
we have to combine the results obtained for each local model to show our result for the

estimate of the global parameter.

In Section 2, we recall definitions and basic properties of coloured graphical models
and distributed computing. We also recall the scheme for sampling from the posterior
coloured G-Wishart. In Section 3, we study the asymptotic properties of our estimate
when p is fixed. Section 4 is the most important section with the study of the asymptotic
properties under the double asymptotic regime. In Section 5 , we illustrate the efficacy
of our method to obtain the posterior mean of K through several simulated examples.
We demonstrate numerically how our method can scale up to any dimension by looking
at coloured graphical Gaussian model governed by a 10 x 10 grid. Even though our
theoretical results indicate that we need to have % — 0, in practice, we found

that we obtain very accurate results for n ~77??7. Section 6 contains proffs of some

ancillary results.



2 Preliminaries

2.1 Colored graphical models

Suppose X7, Xo,..., X, be independent and identically distributed p-dimensional
random variables following a multivariate normal distribution N,(0,%). Let K = ¥~!
be the inverse of the covariance matrix and G = (V, E) be an undirected graph where
V ={1,2,...,p} and E are the sets of vertices and edges, respectively. For any U,
a subset of V', define Fy as the set of all edges in E with both endpoints in U. For
X = (X,,v € V), we say that the distribution of X is Markov with respect to G if
Xi L X;| X\ (53, where i # j. Such models for X are called graphical Gaussian models.
Since conditional independence of the variables X; and X is equivalent to K;; = 0, if
we denote Pg as the cone of positive definite matrices with zero (i,j) entry whenever
the edge (4,7) does not belong to E, then the graphical Gaussian model Markov with

respect to G can be represented as

N = {N(0,%)|K € Pg}. (1) Markov]

Hgjsgaard & Lauritzen [2008] introduced the colored graphical Gaussian models with
additional symmetry on K. Let V= {Vi,V5,...,Vr} from a partition of V' and =
{E1, Ea,...,Eg} from a partition of E. If all the vertices belonging to an element V; of
V have the same color, we say V is a colouring of V. Similarly if all the edges belonging
to an element F; of £ have the same color, we say that £ is a coloring of E. We call
G = (V,€) a colored graph. Furthermore, if the model (1) is imposed with the following

additional restrictions

(a) if m is a vertex class in V), then for all i € m, Kj; are equal, and

(b) if s is an edge class in &, then for all (¢, j) € s, K;; are equal,
then the model is defined as a coloured graphical Gaussian model RCON(V, &) and
denoted as

Ng ={N(0,%)|K € Pg}

where Py is the cone of positive symmetric matrix with zero and coloured constraints.
We operate within a Bayesian framework. The prior for K will be the colored G-

Wishart with density

1
(K8, D) = (det K)0=2)/2 exp{—5tr(KD)lxer,,

1
IG(57D)

4



where § > 0 and D, a symmetric positive definite p X p matrix, are the hyper parameters

of the prior distribution and Ig(d, D) is the normalizing constant, namely,
1
I5(0,D) = / (det K)(0=2)/2 exp{—itr(KD)dK.
Pg

In the previous expression, tr(-) represents the trace and det K represents the determi-
nant of a matrix K.

Massam et al. [2015] proposed a sampling scheme for the colored G-Wishart dis-
tribution. This sampling method is based on the Metropolis - Hastings algorithm and
the Choleskey decomposition of matrices. The authors first consider the Choleskey de-
composition of D™ and K € Pg. Write D™ = Q'Q, K = ®'® and ¢ = ®Q !, where
Q = (Qij)i<i<j<p and ® = (P;;)1<i<;<p are upper triangular matrices with real positive
diagonal entries.

We are interested in the posterior mean of K as an estimator of K.

2.2 Local relaxed marginal model

Massam et al. [2015] developed a Metropolis-Hastings (MH) algorithm to sample from
the posterior colored G-Wishart and obtain the estimate of the posterior mean of K.
However, for a large colored graph, the algorithm has a computational challenge because
of the matrix completion step. The main purpose of the current work is to circumvent
those computational difficulties. In order to do that, we employ local computation
approach similar to that has been done for the MLE in large graphical Gaussian models
(see Meng et al. [2014]). In what follows, we describe the developed approach.

For a given vertex i € V, define the set of immediate neighbors of vertex i as I; =
{jl(i,7) € E}. Consider two types of estimators: the one-hop estimator and two-hop
estimator. For the one-hop estimator, let N; = {i}UI;, while N; = {i}ULU{k|(k,j) € E
and j € I;} for the two-hop estimator. Consider the local marginal model over X¢ = Xy,

this is a Gaussian model with precision matrix denoted by K. Then

K'=(Sn,n) " =Ky, n = Knponws Ky, v 7 Kvag - (2)[inverse]

Define the buffer set B; = {j|j € N; and I; N (V\N;) # 0} and the protected set
P; = N;\B;. Due to the Markov Property Xp, L Xy\n,|Xp,, we have

Kp v\, = 0. (3)[conditional



By decomposing N; into P; and B;, the equation (2) becomes

KZB@,'Pi, KZBmBi
va P, Kp. B, Kp. VAN; 1
= iy /70 (RE=g’ _ iy v (KV\N“V\Nl)_ ( KV N’hpi KV Ni7Bi )
Kp,p, Kp, B, Kp, v\, ' '
o KP@,Pi KPi,Bi . 0 0
Kp,», K, B, 0 Kp,v\n, (Kv\n, ) KB

where the 0’s in the matrix above follows from the identity (3). Therefore, we obtain

the following relationships

Kp, p, = Kp, p,, Kp, p, = Kp, B, (4)[relaxi]
K%i,Bi = Kp, B, — Kp, v\, (Kv\n, v\v,) ~ Kvan B - (5)[relax2]

which shows the local parameters of K* indexed by (P;,P;) and (P;, B;) are equal to
the global ones and the local parameters of K¢ indexed by (B;, B;) are modified by
Kp, v\n, (KV\Ni,V\Ni)ilKV\N,-,B,-- Based on these observations, the local relaxed local
model can be defined as follows. First, a relaxed edge set R, is defined as R, = En, U
{B; x B;} and the local relaxed undirected graph is defined as G; = (N;, R;). According

to (4) and (5), the relaxed zero and colored constraints on K require

(a) if j € N\B; and j € Vi, k=1,2,...,T, then the entries K;:j are equal,

(b) if j € B;, then the entries K7; are different from each other,

(c) if (j,h) € R\{B; x B;} and (j,h) € Ex, k =1,2,...,S, then the entries K;h are

equal,

(d) if (4,h) € {B; x B;}, then the entries K;h are different from each other,

(e) for j,h € Nj, if (j,h) ¢ Ri, then the entries K7, = 0.
The local relaxed colored graph is denoted by G; = (V;,&;) where V; is the coloring
of vertex set N; and &; is the coloring of edge set R;. We use the notation A! for
the transpose matrix of A. In each local G;, i € V, we use the method proposed by
Massam et al. [2015] to obtain the Bayesian estimator K, the posterior mean of K*

with prior distribution the colored G-Wishart. The authors first express the density of
the colored G-Wishart in terms of the Cholesky components of K? scaled by D?. Then



they consider the Cholesky components of (D?)~! and K*, written as (D)~ = (Q*)'Q*
and K = (®")!®?. Let U! = &¢(Q%)~!. Finally, they use the MH algorithm to obtain
the samples of ¥? and so the samples of K?. The sample mean of K* will be used to
estimate K®. In the global model, denote 0y, , k = 1,2,...,T, as the common value of
K;; for all (j,j) € Vi and denote 8g,, k =1,2,...,5, as the common value of K, for
all (j,h) € Ex. Define the global parameter as 6 = (6v,,6v,,...,0v,,08,,08,,...,05,)"
and the corresponding composite estimator as 6= (9~V1 , §V2, .. ,évT, 9~E1 , 932, ey 9~Es)t.

The true value of 6 is denoted by 6#y. In each local model G;, i € V, we define the

local parameter as 6° = (63,03, ..., Hgi)t and the corresponding local estimator as 6t =
(63,05,...,0%)". The true value of ¢ is denoted by ). Furthermore, we introduce a
P
> S; dimensional vector
i=1
6= (6", (6")",....(6")")" (6) hetabar

and its true value 6. After obtaining the local estimators, a composite estimate of 0

can be constructed by extracting the non-zero estimators of K}; and K};, j € I;, in 6.

Therefore, our composite estimate 6 is defined as

S.
~ 1 i =i _
9Vk :7ZZQJ10;:0V)¢ :ng(a), k:1,2,...,T,
Vil /& =

and

S.
~ 1 i ~ _
eEk:m § : E 0j10;:95k :gEk(0)7 k:172a"'757
ieGy j=1

where G, = {i|3h € N;,(i,h) € E;} and 14 is a indicator function of the set A.

Define g(8) = (gv, (0), gv, (0), ..., 9v 0), 95, (0), g1, (0), ..., gvs(0))'=0. The first order

derivative of g() is a (S+T) x (> S;) matrix with the following expression
i=1

69V1 (é) .. agvl (é) Bgvl (é) .. 3gv1 (é) agvl (@) - agvl (é)
01 0%, 967 0%, 967 207,
v () Ogvp (D) gvp () gvyp () dg9vp (B) Ogv, ()
- o071 a0, 902 967, 367 207,
99(0) _ : )
8(§)t c C C © . ) . B
998, (0)  9g9m,(9) Ogm,(6)  9gg,(0) Ogm, ()  9gm,(0)
907 0%, 907 a0, 207 a0%,
agEs (é) . 69ES (é) 89133 (é) .. 8gEg (é) 69Es (é) .. agES (é)
207 0% 967 962, 967 207,
99vi,(®) _ 1 i . 998, (0) _ 1 iepi :
where a0 = Tl if 05 = 6y, and i € Vi, o if 0 = 0p, and i € Gj.



3 The asymptotic property of the Bayesian estimator

6 when p is fixed and n — oo

Let %5 and 2 denote the convergence in distribution and in probability, respectively.
In each local model corresponding to the vertex i € V, let L*(#%) and I*(%) denote
the likelihood and log likelihood, respectively. The Fisher information is denoted by
1(0%) = Eyi[:2 log L(67| X*)(+2: log L(6"| X?))!]. Define a S; dimensional vector U;; =

00 00 »
i\ U (07|X . . .
ﬁ (06)% 0i—0; forj=1,...,nandi=1,...,p, a Y. S; dimensional vector

i=1

U; = (Uf;,Us;, ..., UL and G = nCou(Uy). The following Theorem 3.1 shows that
the global estimator has the property of asymptotic normality when the number of

parameters p is fixed and the sample size n goes to infinity.

(pfix) ~ _
Theorem 3.1 Let 6y, 6 and G be defined above. Then

Vil —00) 5 N0,4) as n— oo

where A =

Proof. For any i € V, we have that /n(6" — 63) = /(6" — T%) 4+ /n(T? — 6}) where
Th = 0+ 1171 (03) 24

It then follows from Theorem 8.3 in Lehmann & Casella

a0 loi=0i"
[1998] that /7 (0" —T%) £ 0 and /n(T" — 67) N N(0,I71(6)) as n — oo. Furthermore,
we have
) ) 1, . 0l(6Y) 1, & 811(01\X1
T"’—lzilll : :7117, i
VA = 06) = IO T ey = 0D 3 g e ZUm

Since p is fixed, then \/n(f — ) has the same limiting distribution as Y U; as n — oo,
j=1
where 6 is defined as in (6). Clearly the U;,j = 1,2,...,n, are i.i.d. We are going to

compute their mean and variance. First, since E[U;;| = E[ﬁ]‘l(%)%

91’:95] -

P
0, it follows that E[U;] = 0 for j = 1,2,--- ,n. Second, we will compute the (>~ S;) x

i=1
P
(> S;) covariance matrix Cov(Uy) with (4, k) entry
i=1
Ly i O1(0°1XT) Loy O (08 XT) :

Cov(Un,Ufy) = 001’(%[ (%)T 07":96’(%1 (90)T|9k:9§))

1 ol (0% X3) oIk (0% | XF) _

= EI I(QO)COU(T1 eizeg’(lek:eg)) (96“)
L OUOXD, O ERIXE)

= EI (%))E[T eizeé(Tbk:%)t]lil(@g) (7)[variance



For each j, j = 1,2,...,5;, let (5;- be the S; x S; matrix with entries (5§)hl = 1if
Kj, = 0} and 0 otherwise. We rewrite the (I,h) entry of K* as Kj ;, if K}, = 0} and
denote T;,j =1,2,---,5;, as the numbers of Kli,-hj and (X7{);,(X{)n,. Therefore,

. 1 | y 1 e

0 = (o tr(81 ), otr (LKD), -+, ——tr(8% KO- ®)

|71l |73 |75, | ’

Since X* has a multivariate normal distribution N (0, (K§)~1), we have

ol (9'|X1)

1 iy — 1 iy i
00 = §t7’(5j(Ko) 1) - §t7"(5jX1(X1)t)-
J

0i=0

aU (6°|X1)
006

a1k (0¥ X 1)

Therefore, the (¢, m) entry of E[ 9i—pi (T‘ekfek)t] in (7) is
-0 ¢

i (67| X4) Ik (9% X ¥

)
0i=0} agfn |9k:0’g}

|

a0
1 1
= Ztr(dézg) x tr(6k k) — 11&7‘(5;26) x tr(6k BIXF(XF)Y)
1 . ) ) 1 o )
jtr(cﬁ“nE’S) x tr(é, B[X{(X1)"]) + ZE[tT(J?,Xi(Xi)t) x tr(ok, X1 (XT)")]

1 A 1 A
= () x (0 5E) — 1tr(6Th) X TAEIX ), (XD, )

1 i i i L i i
=t (0 %6) X T BI(X 1, (XDn,] + 577 Bl (XD, (XD, (X7,

where ¥ = (K})~! and ©f = (K¥)~!. According to Isserlis’ Theorem (see Lemma 6.1

in the Appendix), we have that

B(XT) 1 (XT ) (XD)1, (X1, ]

B(XT) 1 (XT)hJEUX D1, (XDn,) + EI(XT) 1 (XD)1, ) E[(XT ), (X))
+E[(X )1 (XD JEIX ), (X1, ]

= (Z0)tmhm (Z0)t,h, T (Z0)11, (Z0)hhy + (B0)t,0h, (B0)homt,

Therefore,

ol (0"| X1)
26:

ol (9" |XT)
0i=0," ok }9’“:93}

B[
1 i i k sk 1 i i k (yok 1 k sk i/
= itr(éqEO) X tr(0,,55) — Ztr((SqEO) X 10 (S, h — Ztr(émzo) X Tq(EO)lqhq

1 .
+ZT$T§L[(20)LH}LM(ZO)zqhq + (20) 1101y (Z0) hphg + (20) 1,14 (Z0) Ry, ] (9) [well]



By the Multivariate Central Limit Theorem, we have /n(6 — ;) EX N(0,G) as n — oo,
where G = nCov(U;) and each entry of nCov(U;) is well-defined in (9). Finally, using
the Delta method, since § = 9(0), we have that

Via(d —60) £ N(0, A)

99(0) A 99(O)\T
o G(Sg) - =
We now want to give a result similar to Theorem 3.1 above but with the MLE

where A =

replacing the posterior mean. We consider the same local models that we have used to
compute our composite posterior mean 6. Instead of evaluating 6% for each model, we

compute the local MLE 6% of 6 and obtain a composite MLE, which is denoted by 0.

?(covariance)?

Theorem 3.2 Let 0 be the composite MLE. Then
Vil —0y) 5 N©0,4) as n—0
where A was defined as in Theorem 3.1 above.

Proof. For any ¢ € V, we use the well known result for MLE as follows

N ) UL 09| X
Vil o) = =1 Y

g + R (10) [MLE]
i=1 ’
where R* % 0 as n — co. Comparing identity (10) with (7) in Theorem 3.1, it is easy
to get the desired result. m
We thus see that the composite Bayesian estimator 6 has the same limiting distribu-

tion as the composite MLE 0.

4 Properties of the Bayesian estimator under the dou-
ble asymptotic regimes p — co and n — oo

In this section, we study the consistency of the global estimator 6 when both p and
n go to infinity. For a vector x = (x1,22,...,x,), let ||z|| stand for its Euclidean norm
(zp: x2)'/2. For a square p x p matrix A, let ||A|| stand for its operator norm defined
bly:18up{||AxH : |z])| < 1}, ||A||F stand for its Frobenius norm defined by ||Al|r =
( ijl kzp: |aj;€\2)%, and denote A(A), Apin(A) and A4, (A) as the eigenvalues, the smallest
j=1k=1

eigenvalues and largest eigenvalues of A, respectively. The vector obtained by stacking

10



columnwise the entries of A is denoted by vec(A). Let I, be the identity matrix with p
dimension. In the local model G;, i € V', we write the density of XJZ:, j=12,...,n, as

1

(det K%)= exp str(K XHXD1}

FIXEET) = lxier, (11) density]

(2m) %

where p; = |N;|. The normalized and non-normalized local colored G-Wishart distribu-

tion of K* is denoted by

(K%, DY) = (det K*)(0=2)/2 exp{—5tr(K'D) e,

1
15 (9%, D?)
where I; (6%, D') is the normalizing constant for the local model, and
7o (K*0%, DY) = (det K*)(0=2)/2 exp{—5tr(K'D)}iiep,,,

respectively. In order to obtain our results, we will follow the argument similar to that
of Ghosal [2000] who gives the asymptotic distribution of posterior mean when both the
dimension p of the model and the sample size n go to co. Ghosal consider z from a

natural exponential family written under the form

f(z;0) = exp[z'0 — ¥(0)]

where z is the canonical statistic, € is the canonical parameter and () is the cumulant

generating function. To follow the notations of Ghosal [2000], we define an S; dimensional

vector
Y = — 5 (G X (X)), trGRX (X)), (35, X3 (X)) (12)
where 6%, 5, - - - ,6%1, are indicator matrices for each color class. We reparameterize the

equation (11) in terms of the canonical parameter vector §* and the canonical statistic
sz We get that

. ) 1 — . 1 )
fXGK") = exp [— §tr(KZXJ’»(XJ’»)t) + 3 log det K* — glogQW]lKiEpg
SN 1 1 m
= exp| T—ktr(ézKZ)tr(fikaX}(X;)t) +3 log det K* — 5 log 27| liiepg,
k=1
Si

= exp ZF) Y1k+ logdetKifglog%r]quzepgi
k=1

= exp [(V))'6 — (6] (13) [densityl]

where ¢(0") = (—1 log(det K*)+ 2 log(27))1xicp, is the cumulant generating function,

(in)k represents the kth element of YJ’ and the third equality above is obtained by

11



definitions (8) and (12). Since (13) represents a natural exponential family distribution,

we have that
ut='(05) and  F'=4"(6}) (14)

are the mean vector and the covariance matrix of Yj", respectively. Note that F? is also
the Fisher information for the canonical parameter #% and is positive semidefinite. Let
J' be a square root of F ie. J'(J')! = F'. Let

Vi = (7)) (Y] - Ea(Y))) (15) [stand

be the standardized version of the canonical statistic. Following Ghosal [2000], for any

constant ¢, ¢ > 0, we define

i i ; i(gi _ pi cSi
B, (c) = sup{Eg:[a'V}|* : a € R ||a|| = 1, ||J*(6" — 6))|* < .
and
_ _ o S,
Bl (¢) = sup{ By la'Vi[* -0 € R, [lal] = 1,]17°(6" - 6})]* < =1,
Define

ui = \/Ejl(el - 96)7
then 0 = 0 +n~/2(J%)"*u’. Therefore, the likelihood ratio can be written as a function

of u® in the following form

S0 6) N L |
—— = exp{VA(Y) ()l — nl(0 + n (T ) — (0))]) (16) 7zmu?
F(Y];60)

Zi(ul) =

<. <.
[fmEl et

—_. n .
where Y* = % > Y}, Furthermore, we denote
j=1

Al = V()T (T - ). (17)[deLta)

The following three conditions will be assumed.

logp

(1) The orders of log p and log n are the same, i.e. Tog

condition in Ghosal [2000]).

— A > 0asn — oo (see similar

(2) There exists two constants 1 and ko such that 0 < k1 < Apin(Ko) < Amaz(Ko) <

Ko < O0.

(3) For any i € V, the numbers of the entries K}k in the same color class is bounded, i.e.

there exists a constant ¢ such that for any 1 <1 < S;, max [{K},|K}, = 6;}] < C.
7

12



(converge)

(4) The dimension p of the matrix K is allowed to grow slowly with n satisfying
pPogp)*
n2

Remark: Condition (2) implies 0 < %2 < Amin(Zo) < Amaz(Zo) < ,{% < oo. By
the interlacing property of eigenvalues, we have that 0 < 5—12 < Mnin((Zo) v, N,) <
Amaz (Zo) N N;) < %1 < oo where N; is defined as in section 2.2. Therefore, 0 < k1 <
Amin(Z0) N N:) 71 < Amaz((Zo) Ny v, ) 7! < k2 < 0o, By the definition (2), for any i € V/,
we have 0 < k1 < Anin (K§) < Anax(K§) < kg < 00.

We will show in Proposition 4.2 that if Condition (2) is satisfied, then every entry of
K} is bounded. We will use this property throughout the paper. Our aim in this section
is to prove that under the assumption (1), (2) (3) and (4), for n=2p'3(logp)* — 0, the
composite estimator # tends to 6y in Frobenius norm with probability tending to 1. We

state this now in Theorem 4.1.

Theorem 4.1 Under Conditions (1)-(4), there exists a constant ¢ such that

~ 3a2p® P p+1 3 1
P(]|0 — 0| < {/{%[ - + (2n )A(p,n,c)]}z) >1- 10.4eXp{—6p2 logp + log p}.

where

o 2 g 2 g
Alp,1,) = ex(e) =25  expleo(@)p? logp] + —e=p 4 VB,

and ¢5(¢) and ¢co(€) are constants.

Proof. In this theorem, we study the consistency of 0 in the context of Frobenius norm.
In order to do this, first, we evaluate the norm |6 — 63||2 in each local model. Since

[V (07 — 09)||2 = n(0F — 01)E(T)ETHOF — 03) > nApmin (F)]|67 — 03] |2, we obtain

o 1 .
g2 <« ipi _ piN||2
— 1 i G0 AY (i A Q)2
= n)\mm(Fi)HAn—l-/u [mo(u') — p(u'; A, Is, )] du'|| by Lemma 4.8
< i 712 i1 AN 7. 7 . 012
< o (R [ i) — ot AL sl F) ()

where ¢(+;v,X) stands for the multivariate normal density of N (v, ) and 7% (u’) stands
for the posterior distribution of u’. Next, for every element of the vector [u[r?(u’) —
P(ut; Al I,)]du’ in (18), we will find out it’s upper bound. Denote u’ = (u},ub,--- ,uk,)’.
Then for the jth element of [ wu![xi(u’) — ¢(u’; AL, Is,)]du’, we have that

Juilri) - otwsaits)lau < [ luilim () - 6(u's &) I ldu' (19) ebsslute

13



Set ¢ = max{c,C}, where ¢ is defined in Lemma 4.6 and C is defined in Lemma 4.7.
According to the argument of Theorem 2.3 in Ghosal [2000], the integral [ ||u’||[r%(u") —
P(ut; Al Ig,)]du® in (19) can be bounded by a sum of three integrands as follows.

du?

/ ]| | () — plut; AL, Ige)
St om0l 108 + 03 () ) Zi () — 0 (68) 23 (|

= 7 (83) Z, () dut
+ / 7 (65) 2 (u?)dus') ! / ]| - Z2 () (B + ()

[lu?[|>>eM (p)

+f Il gus AL Ts, ',
[lut][2>eM (p)
By Lemmas 4.5, 4.6 and 4.7, every element of [ u![ri(u®) —¢(u’; Al Is,)]du’ in (18) can
be bounded by

3o 2 g 2 g2
Alp,1,) = ex(e) =25 + expleo(@)p? logp] £ —m=p VBt

with a probability greater than 1 — 10.4 exp{—%pQ}. Consequently,

/u; [ﬂ-i(ul) - ¢(u27 A:w ISL)]dUZ < A(p’ n, E)'

Since the dimension of [ w’[r%(u’) — ¢(u'; AL, Is,)]du’ is S;, from the inequality (18), we
get

107 = 65117 <

1 IALIP Si .

n

with a probability greater than 1 —10.4 exp{—%pZ}. Finally, we will estimate the Frobe-
nius norm |6 — 6o|| for the composite estimator § in terms of ||§* — 6}|| from the local

model. By Lemma 4.1, for any i € V, A\pin (F?) > % Therefore, we have

10— 0oll <110~ ol

p
< (Z”éi—%ﬂz)% by triangle inequality
=1
- 1L AP s IREE:
= {;[Amm(m( S Awn0)] |
ALIP | PPp+1 IS
R (X))

14



According to Lemma 4.4, we have |[|A%||? < 3a?p? with a probability greater than
1 —10.4exp{—$p*}. Therefore,

N|=

[p3a2p2 Pp+1)
_|_
n 2n

600l < {3 Ap,n,e)]}

with a probability greater than 1 — 10.4p exp{—épQ} by the Bonferroni inequality. Fur-
thermore, Condition (4) implies A(p,n,¢) — 0, % — 0 and % — 0. It follows
|6 — 6y|| — 0 with a probability greater than 1 — 10.4 exp{—ip? +logp} = 1. =

Fb d .
(Foound) Proposition 4.1 Let F* be defined in definition (14) for any i € V, then there exists

two constants p1 and ps such that %3 < Amin(FY) < Mpae(F?) < ;«%’f

Proof. Let G be the Fisher information matrix for the uncolored graphical models e.g.
G = }](0") where 1, (6°) = (—3 log(det K*) + & log(2m))1kicp,, - Let 7 and @ be the
numbers of eigenvalues of G* and F*. Since it is a linear projection from G’ to F?, then
7 > w. Under Condition (2) and by Proposition (6.1) in Appendix, for any [, 1 <! < w,
we have

) 1
N<jk<ti< .

1
1< k<7}<NF;) < T AN A
L<j k<7< NEF)< maX{)\j(Gl))\k(Gz) K1

1 < i { 1
- miny —————
K5 A (G Ak (GY)

|
(entrybound)

Proposition 4.2 For anyi €V, let K&g be the (a, B) entry of Ki. Then |Kég| < Ka.

Proof. By Condition (2), we have Apa:(K{) < ko for any i € V. Therefore, kg —
N (K§),j =1,2,---,p;, are the eigenvalues of kalp, — K{. Since Apaz(K{) < Ko, then
Ko > /\;-,j =1,2,---,p;. It follows that koI, — K¢ is a positive semidefinite matrix.
Since the diagonal elements of a positive semidefinite bI,, — K| are all non negative, then
ko — K0 >0,a=1,2,...,p;. It follows 0 < K2 < ka. Since K} is a positive definite
matrix, then each 2 by 2 principal sub matrices

1,0 2,0
Koea Kozﬂ

i,0 i,0
Kﬁa Kﬁﬁ
of K{ are positive definite. Therefore, Ké’gKé’g - (Ki’g)2 > 0, from which we get
K55 < (KESKGDY? < kp. m

{trace) Proposition 4.3 For any i € V, we have the trace of F' satisfies tr(F') = O(p?) and

the determinant det(F*) satisfies log(det(F*')) = O(p?).

15



(prior)

(lipschiz)

e 020 iy 51y i - iy
Proof. Since 69?((9%) = 5tr(6i%§0LX0), then tr(F') = %j:1tr((§j20)2). Furthermore,
by Condition (3), tr(0%%)) is bounded. Therefore, tr((6734)?) is bounded. It follows

S

i 1 iy 1pi(pi +1) i 1p(p+1) iy
tr(F") = §j§:1 tr((5j20)2) < 5 o9 tr((6j20)2) < 5 9 tr((5j20)2) = O(p2).
Next, let us consider log(det(F?)). Since

> A (F)
A ("
Si J S i
. - i tr(F*)\ S
iy i < Jj=1 —
det(F) jzlxj(F )< ( 5 )= ( S )
then
; i(pit1) AAY
i tr(F*) _ pilpi+1 3= tr((95%0)")
log(det(F")) < S;log gi ) < ( 5 ) log 2—2 pi(pi+1)] o7 —o@ppP).

2
The proposition is proved. m

Proposition 4.4 For any i € V, we have log(K}) > —ip;ks + 252p;log ki when
Di=1,.

Proof.
i1 1 i 0—2 i
mo(Ky) = exp{ — §tr(KOIpi) + 5 log(det(Ko))}
1 Pi ; 5—9 Pi ;
= exp{-— 3 D ON(KY) + 5 log ] A (K§)}
j=1 j=1
1 5—2
> exp{ = gpiria + ——pilogr }.
|

Proposition 4.5 (Lipschitz continuity) For any i € V and any constant ¢, there exists
a constant My such that |logmt(0") — log 7 (08)| < Mip||6° — }|| when ||0° — 0] <
VIIE) Y ep? log p/n — 0.

Proof. By mean value theorem, we have

[logn'(6") —logn' ()] = |logm(6") — logmy(65)
. i Ologh(6Y)
= (¢ fHO)tT? 0i =01
i _ pi dlog mj(6°)
< 110" =60l =555 lor=
o S 5—2 2
= o=l | > |- Str(EiD7) + == tr(5755)
=1

16



(exp)

where 67 is the point on the line segment joining ¢ and 6. Since tr(04D") and tr(0%%)

are bounded. Therefore, there exists a constant M; such that

S

1 aY 6—2 R} 2 pi(1+pi)

1+

IN

Jj=1
|

Proposition 4.6 Foranyi € V, letY} and V] be defined in (12) and (15), respectively.
Then B}, (c) = O(°) and Bi, (c) = O(p'?).

Proof. Let Bag, o, B € {1,2,...,5;}, be the entries of (J*)~!. Define b = max{|Basl|;, 3 €

{1,2,...,8:}}. Then for the vectors Y} = (Y}, Y}, ... anisi)t and a = (ay,as,...,as,)"

1 S g2 ’

the following property holds for h = 1,2, 3,4
Si .
b 32 [Vl
k=1

Si
b Vil | 4n
= }

Bla' (7)Y < E[(lal,laal, . las, )

Si ' .
b3 1Yyl
k=1

Si S h
= B0 VDD laxl]
k=1 k=1

IN

Si N
E [b(z YDV Sillal |} by Cauchy - Schwarz inequality
k=1

IN

Si oy
(5" E Y 1Y
k=1

S S
< bh(Si)h/zE[ Z Z |yjikl|...|yjkh|}

ki1=1 kp=1

Each entry of §° is bounded when ||J¢(6° —6})||? < <% — 0. By Lemma 6.2 in Appendix,
‘ |] is bounded for h = 1,2,3,4. Therefore, Ela'(J") 1Y} |" =

we have E|[Y}y |-+ Y}y,
O(p"). Similarly, |a*(J*) "' E(Y])|" = O(p{"). Hence, we have

E|atvji|3 — E|at(<]i)7lyji _ at(Ji)flE(in”B

IN

E|at(Ji)_1Y}i|3 + 3|at(Ji)—1E(}/ji)|E(at(Ji)—1Y}i)2
+3(a’(J) T E(Y))?Ela’ (J) Y] | + (@' (J) T E(Y))
= 0@p}) =0(p’).

17



A similar argument deduces Ela'V/|* = O(p'?). By the definition Bj, (c) and Bj,(c),
the desired result follows. m

(boundcondition)

Lemma 4.1 Let Y{ be defined in (12) and G%(v%) = log E(e("’i)tyli) be the cumulant
generating function of Y{, for any i € V, there exist constants n and Cy such that with
[[7V'|| < n, the absolute value of all the third derivatives of G% (v*) satisfy ‘%
Cy for all k,l,m such that 1 < k,l,m < S; under Condition (2) and (3).

Proof. Let 7% be a S; dimensional vector, by Theorem 3.2.3 in Muirhead [1982], the

moment generating function of Y7 is
i(A ity AR ST
M'(y") = E{exp|(y")Y{]} = det(Lp, + T"(v")%5) 2

where T%(~*) is a p; X p; matrix with 77 5= v if K 5= 0i. Therefore, the cumulant

generating function Gl (%) of Y{ is given by
Gy (7') = log M*(v") = — log det(ly, +T"(7")Xy).

It is easy to obtain the first, second and third derivative of the cumulant generating

function Gi,(v%), which can be expressed as

8G§,('yi) _ _1 i( iy —1 /55y

5 = atr((l +TOE)ESD).
0*Gy (')
079
PGy ()
971,070,

1 1\ ) 7\ — (Aal] (AL 7\ —
= St (85 Ly, + T (VS0 T (1) Iy, + T (4)56) ") and
1 i i i (i =150 i i dY i\ =1 iy AT A
= —5tr(Zh T, + T G)ZE) T 00 Uy, + T () Zh) ™ (G1Z6) U, + T (71)56) ™!

O Ty, + T (1)55)  (G755) (T, + T (4)58) ™ (01, 5) (T, + T ()5) ),

respectively. First, Condition (3) implies Apae(3§) < n% By Proposition 4.2, the

absolute value of each element of ¥} is bounded by R% Next, by Zp: A (A)] < [|A4]|r
and ||AB|| < ||AB||r < ||4]|F||B|| for any two p x p symmetric rrf;tiix, we have that
IN(TOZH)] < NIT (OIRISHI < mzy. Te implies 1 — s < (I, + T°(4')5f) <
1 +77é. Moreover, according to Lemma 6.3 in the Appendix, I, +7"(7")X} is a positive
definite. Therefore, by Proposition 4.2 again, the absolute value of each element of
(I, + T (v))X§)~! is bounded. Finally, combining the above results and Condition (3),
PGy (+)

for any ¢ € V, there exists a constant C7 such that |W
k l m

< (1 for any k,m,l. m

(center) Lemma 4.2 For any i € V, let U = (J) 7YY — p?), then there exist constants 1
and Coy with ||¥!|| < n, the absolute value of all the third derivatives of the cumulant

18



(Xin)

9730707 | =

generating function G%(v") of Ui satisfy ‘
k,l,m < S; under Condition (2) and (3).

Y

Proof. The cumulant generating function of U} is

log B[ N7 ¥ =10 = 1og Bl ()T Y= (D 0

Q
o3
)
\_j‘

|

= logE[ (vHHIH ! ]-Hoge AT
= Jog BleCV DT — () (1)
= GH(T) M) = (D'

By lemma 4.1, there exists a constant Cs such that |W

In the following proof, we let M (p) = p?log p. The following result holds for a random

for ||| <n. w

vector when its cumulant generating function satisfies some conditions, which was first

established in Lemma 1 of Gao & Carroll [2015].

Lemma 4.3 Let U = (J') 'Y} —p'), j =1,2,...,n, and A}, = \/15]21 Uj as defined
in equation (17). Then for any arbitrary constant a such that a® > 1, if gf/"; <a-1,

we have that the cumulant generating function G, (v*) = log (E{exp[(v")!AL]}) <
a?||yt|?/2 for ||7!|] < p under condition (2) and (3).

Proof. By a Taylor expansion of G (7*) around 0, there exists a vector 7"* on the line

segment between 0 and ¢ such that

S, ; S, 8, ;
) ) ) i 8Gz( z) 1 i i aZGz z) o
Gp(v) = Gp0)+ lyi=0) 7k +3 — iAo li=0) T
Si  Si Si 3(¥i (A
1 2°Gy(v") o
+= Z (e A N I v 8
6 k=11=1 m=1 070707
i 7% has i i : P Gy, _ 4 926Gy
Since U; has zero mean and identity covariance matrices, then 8‘; T iz = 0, W ~

(")
1f0rk—landW

yi—o = 0 for k # I. Furthermore, since G%(0) = 0, we have

S, Si S ;
7 7 ]‘ 7 7 1 - - - 83GZ ( 1)
Gp(v') = 5(7 )y + 6 (

2 i ) VY Vi
k=1 1=1 m=1 677@6%87’” - "

19
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(max)

By the definition (17), we have A? = ﬁ jgl U;. Since the moment generating function

of U; is exp G% (7%), then the moment generating function of Af is

E[e(vl)”ﬁi] = Ele "= j] = HE[G(%)tU;]

i Si; Si  Si 83G1,(i) i i A0
_ Hexp{l(’y )t7 Jrl Z(Uiﬁ| ) i*)%c 7 ’Ym}
28/’ \/n 6 R VRV

j=1 k=11=1 m=1
i i Si Si Sy 3 'i, i i A
2 0n' yno 6 e e 37,ﬂ’y§8’ym T n/nn
{1( i)t 2_'_1 1 S o & (83G1(7)| )
= expyz(v)Y +=—F4= W EWE ix ’Y/c’Yﬂm

2 6 v/n ==~ 0v}.0v; 0, v
Since ||v%*|| < |]7!]|, we have || H < H\F“ < n. Moreover, Condition (4) implies
% — 0, we can thus choose a constant 7; small enough such that [|v¢|| < n1 < n.
Therefore, by Lemma 4.2, there exists a constant C such that ’;)C;ﬁ < Cy It

YO 9Ym
follows
S, 8 S
NN 1 iNt i 1 Cs = — . i
B[t 4] < eXP{*(v Yyt + ——= vmﬂm}
2 6+/n
k=11=1 m=1
S.
, 10, SN .
AN 7
= 1422 3
eXP{ () +3 nm:lvm]

Si
Therefore, for any arbitrary constant a such that a? > 1, if %C—Z vh, < a® —1, then

m=1

we have
log B[] < a?||y7]12/2.

Si ) )
Actually, the inequality %% > 4% < a?—1 holds under Condition (4). Since ||v¢|| < p,
m=1
we have |72 | < ||7¥|| < p for any 1 < m < S;. Therefore, according to Condition (4), we

have
1 02 Z \/>) =o(1).

) vi < a? —1 for any constant a such that a> > 1. m
1

It implies %

5
ﬁmw

20



(firsttermnorm)

Lemma 4.4 Under Condition (2)-(4), for anyi € V, there exists a constant a, a® > 1,
such that
: 1
PIALIIP > 3a%p?} < 10.4exp{—p*}

where AY is defined as in (17).

Proof. According to Lemma 4.3, we have

log (E{exp[(v")'AL]}) < a®|ly'[]*/2 for IVl <p

where a is a constant with a?> > 1. Let ¢ = ap and t{ = a~’, then the subsequent
inequality holds

%

log[E{exp((t1)’ Aa )3 < It 112/2 for 1411 < g-

Next we apply the large deviation result from Corollary 3.2 in Spokoiny & Zhilova [2013].

Following the notations in Spokoiny & Zhilova [2013], we introduce w! satisfying the

equation % = ¢S /2. Based on wi, we define zi. = 0.55;[(w)2 —log(1+ (wi)?)].
w? 2

Since g% = a?p? > m > S;, by the arguments in Spokoiny & Zhilova [2013], we have

xt > igZ = 1a2p2 Let z = %pQ, then églﬁ < g’x‘g% < x < 2¢. By Corollary 3.2 in

Spokoiny & Zhilova [2013], the following inequality holds

Al 1 i
PRI > 5,466 Sp%) < 208" + 54077
a

which implies P(HAT:L 2 > 3p2) < 10.467%1’2. Hence, P(||A}n||2 > 3a2p2) < 10.467%172’
which means ||A%]> = 0, (p?). m
Denote Z: (u') = exp|(u?)t Al — 3 |[ul[7].

Lemma 4.5 If w — 0, then for any given i € V and a given constant c, there

exists a constant 05( ) such that

p(fwnw )] - | i<93+n*%<ﬂ>*l NZj,(u) — 7 (0) 23 (u') | du (o2 lozp

J 7(08) ZE (u?)du? e

1
> 11— 10.4exp{—6p2}.
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Proof. Let Q" denote the set {u’|[|u||> < cM(p)}. We get that

IN

IN

Since

then

By Proposition 4.1, we have x3 < ||(F*)~!|| < 2. Since

[ 7O [ 42 20 ) 2 0

[ 6 Zi

Qe [ 1|

(08 +n—1/2(J1) " Lut)

Joi 1]l -]
Q

(0 +n~V2(JH) !

i (6)

%) 73 i) -

7))
S

Joillu

u'll- |

(191—0—11 1/2(J7,) 1 1)
wi(05) Z,

(00)Zi (ui)dus

W) = Z3,(u') + Z;, () — Z; (') du’

[ Zi (uf)dui

(98+n71/2(t]i)71ui)

Z,, ()| (66)du

Z3 () = Zy,(u') + Z;,(u') — Z;,(u) | (6 du

Joi 11l ) — ) Zp (u)du + [o. ||| - |Z5 (u?) = Z (u)|du
sup {”qu . |ﬂi(eé+n_;/;i(ﬂ)_1m> . 1|} fo? Zfl(ui)du : D
uieQi (%) Joi 161123, (w') = Zj(u )|du
= +
[ Zi (u?)du? [ Zi (u)dui

cM(p) > |[W'|]? = [[VnJ (0" = 05)|1* = (VnJ' (0" — 65))" v/nJ' (0" — 6)

= n(@i — Gé)t.]tj(ez — 96) = n(@Z — Qé)tFi(Gi — 06)

> n/\mm(Fi)(@i - %)t(ei - 96) = n)‘min(Fi)Hei - ‘%HQ

cM (p)

eM(p)||(F*) =]

16" = 65| <

n)\min (FZ) -

n

12 1 2
B cep)” (i;gpﬂ — 0, then 2982 _, (.
n n

Therefore, ||0° — 03|] — 0. Using the fact |e* — 1| < 2|z| for sufficiently small |x|, we

obtain

IN

IN

IN

IN

1}

) T £ /2 JH)~lud)
sup {ol) - AL )
ule k2

: (0 +n" 2 () )
2 sup {||u*]||-|lo
sup ([l 1og )

2y/eM (p)Mupl|¢"

2y/eM (p)Mp
2cMyko M (p)p
Vvn

il
M (p)||(F) ]

22
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where M is a constant. We also have that

» Z8 (uh)dut L Z8(uh)dut + [, Zn(uZ dut — [, Z,ZL ut)du’
Qi “n _ Jgi%n Qi - Q
| Z(ut)du 7 (e
g Ziui)du + [ Zi () — 2 (u))du
fZi u?)du?
fZl Y du' +le |ZE (u?) — Zi (u?)|du’
- fZl (u?)du?

IN

1+ (/Z;(ul)du’)_l |12 = Zy

According to Lemma ?7? in the Appendix, we can obtain

([ i)™ | 1730) =~ Zita i < 183110 (20) 1]
where
i i i 2 i =LA 2 i 7(§+1)
FALLe) = @ + (1 - 264() 1AL (1 - 264 ()
en(O)]|ALI1?
XeXp{ 1— 20 (¢) }
and

Ph0) = gl (M) BLL(0) + 1 M () Bl ()

Furthermore, since ||u’|| < y/cM(p), by the inequality (20), it is easy to see that
g 1+ 123 ) = Z3 ()

[ Zi () dui
Combining the above results, we can show that the LHS in (20) is bounded by

(184 ) = ZEEIR i g L)+ TG 1AL

According to Proposition 4.6, we have Bi, (0) = O(p?) and B}, (c MS(;”)) = O(p*?). There-

< VeM(p)f(|ALlL o).

fore, there exist two constants ¢; and ¢ such that
. 1. 1 1 _
on(e) < Gl (eM(p)*erp” +n~ M (p)ep™]

1 \/p?lo cp?lo
[\/E p gp01p9+ P gp02p12]
Vn n

[=p}

10 14
p/logp p=logp
[Veer fg A

p"’Vlogp p*Vlogp
G PIveer + ® Tn PV2ER, (21)[cc]

Cmr—* [
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(secondtermnorm)

Since the first term in (21) is the dominating term, then there exists a constant cs(c)
such that ¢! < cﬁc)%. Since % — 0, then immediately ¢! (c) — 0.
Furthermore, using the fact (1 — 2)~! < 2 and —log(1 — 2) < 2z for sufficiently small
x, we have [1 — 2% (¢)]7! < 2 and ef(éﬂ)bg (1-2¢1(0) < e(%%ﬂ)‘l“’;(‘:). Therefore, the

following inequality holds

FOIALL) < @ (P + 204 expl (2 + Dagh (o)) exp {264 (014 ).

According to Lemma 4.4, we see that P(||A%]|? < 3a®p?) > 1 —10.4exp{—4p?}. There-

fore,
10 o
FUBILD < sl + 60y exp {eal) 22 oap? + 2 +4)

with a probability greater than 1—10.4 exp{—£p?®}. Since v’ fvlf EP _, (), then 2- fvlo &P (Ga’p?+

2p% +2) — 0. Therefore, exp {63(0)”10? Vlrf’g(4a2p2 +2p? + 2)} < 2. It follows

\/logp

FUIALLS < 201+ 6a%)es(c) LY o8P NG

with a probability greater than 1 — 10.4exp{—2£p®}. Let c4(c) = 2(1 + 6a?)c3(c), then
FH|AL ] e) < 04(0)”12? Vlsgp with a probability greater than 1 — 10.4exp{—¢p®}. Fur-

thermore, we can get

Ri([|AL ]l e) = 201\41/6\/2724(19)19[1 + 04(0)])12\\/}@] + \/mc‘*(C)pu:/ff@

2e M kop? 1 2e M kop'd log? 13
_ c 1/3]% ng+04(c) c 1f€2]:Z og p+\/604(c)p \/%gp

2¢ M kop? lo “lo
_ 2eMiaptlogp | pPlogp, ) +Vees(c)] (22)[03]

Vi Vi

2e M Kop? log% D

N

with a probability greater than 1 — 10.4 exp{—%p2}. It is easy to see that the third
term in (22) is the dominating term. Therefore, there exists a constant c;(c) such that
Ry(]|AY]],¢) < 05((1)1’13%” with a probability greater than 1 — 10.4exp{—%p?}. The

proof is completed. m
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Lemma 4.6 There exists a constant ¢ and a constant cg(c) such that for any given

1€V,

|7 (0 +n=2 () "Ml Z (uf) du?
7 (03) Zi () du

fu’i 2 c
P( [P eMp < exp[—co(c)p? 10gp])

1
> 1- 10.4exp{—6p2}.

Proof. Let
|| |7 (0 + n =% (J9) "Lud) ZE (ul)du'
[ (05) Zi (s

fllu"\l2>cM(p) |

Ro(||AGl]e) =

: . 1 . .
i O n = E (T ) i ;
Jwiipsent 101 ="y Zn () du

[ Zi(uw)dut

: . 1 . .
i ﬂl(gl_i_n—j(t]l)flui) i i i
Jwipsen 10 1= Zy (u")du

7|2
(27)Si/2 exp[”Agu ]

According to Lemma 2.2 in Ghosal [2000], we have that Z}(u’) < exp[—cp? log p] with
a probability greater than 1 —10.4 exp{f%pZ}. Therefore, we obtain that

) _ 1.2 o i(pi —17i\-1, )
Ro(llAi ) < exp[—%ep l(l)Ag}T]‘2 / ||u1‘|7r(90+ni 1(J) U)duz
(2m)5/2 exp[F=5=] Jlfutl[2>eM (p) ™ (65)
_ o[-’ logp) MG RO RO P
- 5:/2 axep[ BRI ] J)irfe b T (07 “
(2m)5:/2 exp[*=g=] Jjuil[2>eM (p) 0(%
__exp[—gcp’logp|
(27T)Si/2exp[”A;LH2]
x/ - ||\/HJZ(01—96)||W?(ai)nsi/2det(f)d01
VAT (6 —03) |2 M (p) m0(00)
Sil2det(J! —1cp?l o
< mlenlaer e | VT 6 — 6]y (0o
74 (05)(2m)5i/2 exp[H=3] S|V (0 -6))||2>eM (p)
S; 1 ; 1
< exp[é logn + Elog(det(F’)) - Zch log p
o s,
—Hog/ - ||\/77J1(91—93)||7r6(91)d91—logwg(%)—?log%r
[lvnJ# (07 —08)|[>>cM (p)
Si 1 i L o i (g
< exp[;logn+§1og(det(F ) — 26P log p — log 7 (05)

4 log / | VAT (0 — 63)]mi(6')d6]
[lV/nJ (67 —6§)||>>cM (p)
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with a probability greater than 1 —10.4 exp{—%pQ}. By Proposition 4.4 and Lemma 6.4
in the Appendix, we have that

4 s 1 T 1 5—2
Ry(lAL]]e) < exp[g logn + §1Og(d€t(FZ)) - ZCPZ logp + oPike = —5—Pi log k1

+M7p? log p]

with a probability greater than 1 — 10.4 exp{f%pZ}. By Condition (1), logn and logp
are of the same order. Furthermore, Proposition 4.3 implies log(det(F?)) = O(p?).
Therefore, there exists a constant cg such that log(det(F?)) < cgp?. It follows the RHS in
(23) is bounded by the following term with a probability greater than 1—10.4 exp{—p?}.

p(p+1 1 1 1 0—2
[g logp + —cep® — ~cp®logp + =pika — ——p; log k1 + Mzp? log p]

Py 2 4 2 2

Furthermore, there exists a constant cg such that

Ro(||AL]]¢) < exp[2B ™ logp — Lep® log p + Mrp? logp + csp® log pl

with a probability greater than 1 — 10.4 exp{—%pQ}. We can choose a constant ¢ big

enough such that co(c) = ;1 — Tc+ cs + My < 0. It immediately implies Ro(||A%][,c) <

exp|—cg(c)p? log p] with a probability greater than 1 — 10.4 exp{f%pz}. ]

Lemma 4.7 For any given i € V and any constant C with C > 9a?, a®> > 1, we have

2

r(f s A%, T, o' < ——
||t [[2>C M (p) V2r

—3a?42 2 2 —3a%+1
+V3a?2—
p \ Nord )
1
> 1- 10.4exp{—6p2}
Proof. First we observe that

/ o' AL, I, )du'
[Jut||2>C M (p)

/ (lu' = A3+ 1A% )(u's A] I, )
[lu#][>CM (p)

IN

IN

/ | (Il — AL|D(u's AL, Is,)du + / | ||AL [ (ul; AL, Ts, )
[|ut[|2>CM(p) [lut||2>C M (p)

26



Let v* = u'—A¢  since ||v?||2+]|AL |2 > [[v'+AL |2 = ||uf||> > CM(p), then immediately
[lvi]|? > CM(p) — ||AL]|>. By Lemma 4.4, we can see that [|AL]? < 3a?p? with a
probability greater than 1—10.4 exp{—3p?} with a* > 1. Therefore, we can get [[v’||* >
CM(p) —||AL||? > CM(p) — 3a*p* > (9a® — 3a®)p* log p = 6ap? log p with a probability
greater than 1 —10.4 exp{—ép }. Thus the following inequality holds with a probability
greater than 1 — 10.4 exp{—£p?}.

/ (lu' = A3l Do(u's A T, o'
[lu#][>>CM (p)

[0 |6(vf 0, Is, )do' < / o |6(v'; 0, Is, )dof

[[v?][?>6a>M (p)

S;
W|¢ v*; 0, Is,)dv' = / vt (v’ 0, Ig, )dv’
/|| Z z:: il >6a2 M (p)

vi|2>6a2 M(p) T2 )

~/|Ivi+AiL2>CM(p)

IN
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Since ||vt]|? > 6a?M (p), there exists a k € {1,2,---,5;} such that (%‘,)2 N LM(P).

i

Therefore,

Si
Z/ |v§-|¢(vi;0,lsi)dvi
j=1"lv*[[>>6a%M (p)

ST1

[wile(v'; 0, Is, )dv’
=17k~ /(U,ic)2>6a21‘/ls(;’)

+Oo . . .
B H/oo \/(vi)2>6a2M(P) |vk|¢(v ;O’Isi)dv +ZH/
k 5,

IFRT J#k AR T

+oo

IN

vi|o(v*; 0, Ig, )dv'
~/(v};)2>6a21\/{9(:7)| J|¢( b Sl)

o1 wp?

(2 - 1

- v —me o}
/(v,g)2>6a2 Mip) V2o

1 @2 o e ] whz
+ E / e 2 duy [v%] e~ "z dv}
. J J
i (W})2>6a2 Ms(im N ls oo \/ﬂ
1 wp)?

7 —

i
r——¢e 2 dvy,

2/ v

vi>,/6a2% 2

22 f e A
—€ v Vs e U

S0 Jois fo 2 Vor o Ve J

]_ (1)2)2

J
< 2/ Vi ——e" 2 dul,
vi>,/6a27M§f) V2T

wiH2 o1 e
2 dv;c [2 ’U; e 2 dv;]
0

o1
+ 2/ ’U]zcie_
j; v foa 3 “\2m Var

;1 @p? < 1 @hH?
= 2/ v,——e 2 du; [1 + 2 vl e 2 dvq
k k E J ;
i M (p)
Uk>‘/6a2T: V2T s 0 o2
1 _ 6a2M(p) 1 6a2 M (p) 1 _ 6a2M(p)

= 2 25, < 2p2

1 _
——e
o o V2

e 2p?

2 [1+(S; — 1)2——] < 268,
e [1+( )m]

V2m

2p2 1 —3a?

vV 27rp
with a probability greater than 1 — 10.4exp{—%p2}. Similarly, there exists a [ €
{1,2,---,5;} such that

) L . ) 1 wH2 .
[[ALp(u's AL, Is, )du' < ||A;||2/ ——e 7 dv}
Aui%cwm vi>f6a2 X8 /27 !
. 2 2
— Az —3a
I nll—\/%p
<

2 2
V3P p—2pia
p /727rp

with a probability greater than 1 — 10.4 exp{f%pz}. Hence, the desired result follows.
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Lemma 4.8 For a given i € V, we have

VI (0 - 0) = A, + /Ui[ﬁi(ui) — ¢(u'; A, Is, )| du’
where i (u') is the posterior distribution of u'.

Proof. Let 7i(0%) be the posterior distribution of #¢. Therefore, w(u') = wt (0§ +
n=z (JH " tud) =2 (J9) 7. Thus

g = /Qi-wi(ei)dei
= /(96 +n 72 ()l (05 + 0”2 () ) e T2 () 7 d!
- /(93 + () ) (uf)du
- eg+n—%(,ﬂ)—1/uiw1(ui)dui.

It follows
VnJi(0i = 6)) = / wind (ut)du'.

On the other hand, the following equations hold

/ulfb(uz, A;, Is,)du /(uZ — A; + A;)¢(ui; A;,Isi)dui

/(uZ — Aib)qzﬁ(ui; A%,Isi)dui + Ail/qzﬁ(ui; A%,Isi)dui
_ AL
We thus have

VT (0 —05) — A, = [ uirlu)du’ — / u'g(u'; Ay, Is, )du!

/
/

u'[m (u') = d(u's Ay, Is, )] du’.

5 Simulations

In order to investigate the performance of our proposed composite Bayesian estima-

tors under different scenarios, we conducted a number of numerical experiments. First,
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Figure 1: Cycles of length 6 with the three different patterns of colouring that we use for
the cycles of length p = 20 and p = 30. Black vertices or edges indicate different arbitrary

colours.
(tig:1)
we evaluate the composite 1-hop Bayesian (MBE—1hop) estimator, the composite 2-hop
Bayesian (MBE—2hop) estimator and the global Bayesian estimators (GBE) for three
colored cycles. Moreover, We also compare them with the global maximum likelihood
estimators (GMLE) for the three colored cycles when the sample size are different. For a
lattice colored graph, we compare the 1-hop composite maximum likelihood estimators
(MMLE-1hop), the 1-hop composite Bayesian estimator with the global maximum likeli-

hood estimators. The normalized mean squared errors (NMSE) are defined as ”ﬁ;(ﬂi”z

Figure 1 (a)-(c) show three different patterns of colouring of an cycle of order 6.
In particular, we show the simulation results for p = 20 and p = 30. The param-
eters for these figures are listed in Table 1. Furthermore, a square lattice colored
graph with p = 10 x 10 = 100 vertices is illustrated in Figure 1 (d). For this fig-
ure, the parameters are chosen as Ky io(j—1),i+1+10(-1) = 1 for ¢« = 1,2,...,9 and

j = 1,2,...,10, Ki+10(j_1)7i+10j = 1+0011+01j fori = 172,...710 andj = 1,27...,9
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cable:parameters)

(Isserlis)

and K;,; = 10+ 0.017 for ¢ = 1,2,...,100. The posterior mean estimates are based on

5000 iterations after the first 1000 burn-in iterations.

Table 1: The parameters chosen for the matrix K for producing figure 1.

parameters Figure 1 (a) | Figure 1 (b) | Figure 1 (c)
Ki(i=1,3,...,2p—1) 0.1 0.1 0.1+0.1i
Ky (i=2,4,...,p) 0.03 0.3 0.03+40.01i
Kipy1 =K1 (i=1,3,...,2p— 1) 0.01 0.0140.001i 0.01
Kijo1=Kip1; (i=2,4,...,p—2) 0.02 0.01--0.002i 0.02
K1, = Kp 0.02 0.01 0.02

Table 2 shows NMSE(K, K ) for the comparison between the three colored models on
the simulated examples when p = 20 and p = 30, averaged over 100 simulations. For each
graph, we generated 100 datasets from the N (0, K—!) distribution. The NMSE and
the standard derivations are shown in the 3th 4th and 5th columns of Table 2. Standard
errors are indicated in parentheses. From the results shown on Table 2, our proposed
composite 1-hop and 2-hop Bayesian estimators perform very well comparing the global
Bayesian estimators. Computation was performed on a 2 core 4 threads with 15-4200U,
2.3 GHZ chips and 8GB of RAM, running on Windows 8. The average computing time
shows in the 3th, 4th and 5th columns in minutes on Table 3. As shown in the simulation
result on Table 3, the total computing time of composite Bayesian estimation is much
smaller than the global Bayesian estimation.

Figure 2 shows the NMSE curves for the colored graphs in Figure 1 when the sample
sizes are from 50-100. The averaged NMSE is illustrated over 100 simulations. In
summary, our proposed estimators can perform better as the sample size increase and
the NMSE for the composite 1-hop Bayesian estimator always smaller than the NMSE

for the composite 2-hop Bayesian estimator.

6 Appendix

The following Isserlis’Theorem give us the general formula for the moments of the
multivariate normal distribution in terms of its covariance matrix and also shows that

all the moments of the multivariate normal distribution are finite.
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Figure 2: NMSE in K for different colored graphical models. (a) NMSE for the colored
graph in Figure 1 (a) when p = 20. (b) NMSE for the colored graph in Figure 1 (b) when
p = 20. (c) NMSE for the colored graph in Figure 1 (c) when p = 20. (d) NMSE for the

—-— GBE
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—— GMLE
MBE_2hop
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colored lattice graph in Figure 1 (d) when p = 100.

(fig:2)
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(table:2)

(table:3)

Table 2: NMSE(K, K) for the three colored models when p = 20 and p = 30.

NMSE
p G MBE_1hop MBE_2hop GBE
(a) 0.0162 (0.0155) 0.0032 (0.0027) 0.0110 (0.0102)
20 (b) 0.0256 (0.0153) 0.0148 (0.0058) 0.0237 (0.0189)
(¢c) 0.0375 (0.0283) 0.0305 (0.0142) 0.0308 (0.0241)
(a) 0.0098 (0.0070) 0.0017(0.0014) 0.0317 (0.0571)
30 (b) 0.0234 (0.0088) 0.0151(0.0054) 0.0482 (0.0533)
(c) 0.0379 (0.0127) 0.0308 (0.0086) 0.0823 (0.0257)
Table 3: Timing for the three colored models when p = 20 and p = 30.

Timing
p G MBE_lhop MBE_2hop GBE
(a) 0.365 3.410 21.875
20 (b) 1.047 3.353 16.249
(c) 0.944 3.054 15.513
(a) 1.442 4.952 83.965
30 (b) 1.538 4.557 80.255
(c) 1.504 4.509 79.918

Lemma 6.1 (Isserlis’Theorem) Let X = (X1, Xo, -

,Xn) be the random variables

following the multivariate normal distribution N,(0,%), then

and

where the sum is over every partition o of {1, 2, ..., 2n} into n disjoint pairs (c(2k —

1),0(2k)) such that o(2k — 1) < o(2k), for k =1,2,.

E[XG1X¢12 o

E[XalXaz T Xazn] = ZA(U)

: Xa2n—1] =0

con, and o(2k — 1) < o(2k + 1)

fork=1,2,...,n— 1. For each partition o, Al®) = [T Zo2r-1)0(2k)-
k=1
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Lemma 6.2 Let Yf be defined in (12) and denote in = (Yj1,Y2, -+, Yjs,)t, under

Condition (2), we have E |ink1| |V |} is bounded for h =1,2,3,4.

Jkn
Proof. Since Y};, = —3tr(6,X;(X})"), by Isserlis’ Theorem (see Lemma 6.1 in Ap-
pendix), the moments of every entry of X;(X;)t is finite. By Condition (3), E(ink) is
bounded and E(Y},)? is also bounded. By Holder’s inequality (E[| X Y] < (E[\X|p])% (E[|Y|q])§

on wiki), when h =1, E(|Y}, |) < (E(inkl)z)% is bounded. When h = 2, we have

E(Y} 1Yk, ) < (B(Y )22 (B(Y,)?)E.

It follows E(|in,Cl ||Yj’k2|) is bounded. When h = 3, we have

i i i i i 1 i 1
E(Y} 1Y Y, ) < (BUY 1Y, D)2 (B(Y,)?) 2

Since E(|Y}y, |[Y}y,]) is bounded, then E(|Y} |[Y},,[)? is also bounded. Therefore,
E(Y}, IV}, 1Yy, |) is bounded. Consequently, E“Yfk1| S|V |} is bounded for h =

Jkn
1,2,3,4. m

Proposition 6.1 Let E be a Euclidean space and let F' C E be a linear subspace. Let
pr denote the orthogonal projection of E onto F. Let g be a linear symmetric operator

g: E — E and consider the linear application f of F into itself defined by

frzeF — f(xr) =prog(x)

Then, we have that if Ay < Ay < --- < A\, are the eigenvalues of g and py < pe <
<o < g are the eigenvalues of f, n < m, then for any j = 1,2,--- ,m, the following
inequality holds

min{pklk =1,2,--- ,n} < A\j <max{ulk =1,2,--- ,n}.

Proof. We prove is first for m = dim(F) = dim(F) — 1. Let e = (e1,€2,--- ,€m) be
an orthonormal basis of F' such that basis the matrix representative of f is a diagonal
[fl¢ = diag(A1, A2, , Am) and let eg € E be such that €/ = (eg,e1,ea, -+, €) is an

orthonormal basis of E. Then in that basis, the matrix representative of g is

a b - bs,
, by A O 0
l9ler = : (23) 7diag2?
S diag2
bs - 0 Ay
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(positive)

‘We see here that the matrix representative of g is a submatrix of the matrix representative

of f. By the interlacing property of the eigenvalues, we have
po <A1 <pp <o <y <AL <

If dim(E) — dim(F') > 1, we iterate the process by induction on dim(E) — dim(F') and

complete the proof. m

Lemma 6.3 For anyi € V, let T*(y*) be a symmetric matriz with dimension p;. Then
there exists a constant n such that with ||T*(v")||r < n, the matriz I,,, + TS} is positive
definite.

Proof. If we want to show I, + T"(y")Z{ is positive definite, it is equivalent to show
for any non zero vector z with dimension p;, z'(I,, + T'%})z is positive. By Cauchy

Schwarz inequality, we have

| < T vz, Zhz > |

IA

1T ()2l > NISol < 1T (v < 2] 1111 1=l

o 1 1

2 T 2
T x — < —
21T (vl e o < nlfz]| o

IN

Therefore,
2 (I, + T (V) %)z 2 pz + 2 T () Sy = |2+ < T' ()2, Shz >
1 1
2 2 2
— —=[1-n— .
A = 1=APn— = (L= Il

Y

We can thus choose a constant 7, such that n < 1. It follows 2 (I, +T*%8)z > |[2[]> > 0
when ||T"(v")|[r < 7. =

Lemma 6.4 For any i €V, log [ ||\/nJ (6" — 0})||7§(67)d0° < exp[M7p*logp| with M,

s a constant.

Proof.

1 25—stp 2

n;/ﬁp”F(S)[E(ﬂn)k{HF(k; + D)](MopI'(ap + S) + 2T (ap + 1 + S))

S—s+p ky.
nilQ(;)[H(Q)Q“F(k; + 1)]MapI'(ap + 1+ 5)
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Therefore,
tog { [ 116"~ 63) 1 (6') 0"}
1
< = logn —logky + (S — s+ p)log2 —plogp —log'(S) + log My + logp + logT'(ap + 1+ S)

2 ey
1)log — +logT
+Z T4 1)log +og(2 1)]

Since logn and log p is the same order and k, < p, we have that

expllog { / Va6 — 63) |5 (67)do' ]

IN

1
exp[§ logp + (S —s+p)log2+logp +logTl'(ap+1+.5) +p( +1)log2 +plogF( +1) + M;)

IN

3
exp[§10g1hL (S—s+p)log2+logT'(ap+1+5) +p(2 + 1) log2 +plogI‘( +1) + Ms]

By Sterling’s approximation, we have logn! = nlogn + O(logn). Therefore, there exist

two constant My and Mg such that

p(p+1)

5—) < log(ap + p*)! < Msp*logp

logI'(ap +1+5) <logI'(ap + 1+
and
Ky P
1ogF(? +1)< logI’(§ +1) <logp! < Mgplogp.
Combining all results above, we obtain that
expllog { [ IV (6" — 6}l (6')a8'}

pp+1)
2

IN

3
exp|; logp + + p]log 2 + Ms5p* logp +p(g +1)log 2 + Mgp* log p + Mj]

IN

exp[Mzp® log p),

where M7 is a constant. m
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