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For a random matrix following a Wishart distribution, we derive
formulas for the expectation and the covariance matrix of compound
matrices. The compound matrix of order m is populated by all m xm-
minors of the Wishart matrix. Our results yield first and second mo-
ments of the minors of the sample covariance matrix for multivariate
normal observations. This work is motivated by the fact that such mi-
nors arise in the expression of constraints on the covariance matrix

in many classical multivariate problems.

1. Introduction. Conditional independence constitutes one of the key con-
cepts in multivariate statistical modeling. In a multivariate normal random vector
X = (X1,...,X.)" ~ Ny(u, %), conditional independence expresses itself in the

vanishing of minors, i.e., subdeterminants of the positive definite covariance matrix.
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Let I,J,K C [r] := {1,...,r} be three pairwise disjoint index sets. Then X; and
X are conditionally independent given X, in symbols X; Il X | Xk, if and only
if

(1.1) det (E{i}UKX{j}UK) =0 Viel, jeld

The restrictions (1.1) correspond to vanishing partial correlations and can thus be
tested using sample partial correlations, which yields a simple approach to model
selection and assessment of goodness-of-fit of Gaussian independence models.

The situation becomes more complicated, however, in hidden variable models be-
cause conditional independences involving hidden variables may lead to constraints
on the covariance matrix of the observed variables that no longer correspond to
vanishing partial correlations. Spearman’s [14] tetrads are the classic example of
such constraints. A tetrad is a 2 x 2-minor det(X;;xx¢) for which {7, j} N {k, ¢} = 0.
Tetrads are the defining equality constraints for one-factor analysis [6], but also arise
in other Gaussian hidden variable models. (Recall that in factor analysis, observed
variables are conditionally independent given hidden factors.)

Given a sample from a N, (u,X) distribution (joint) vanishing of tetrads can be
tested. Rejection of this hypothesis suggests that the model for which the tetrads
would vanish is inappropriate for the data. The route commonly taken when testing
the vanishing of a tetrad is to standardize the sample tetrad and compare the result
to the standard normal distribution. This approach allows one in particular to avoid
numerical maximization of the complicated likelihood functions of hidden variable
models and we refer the reader to the examples discussed e.g. in [3, 8, 15]. The
difficulty in this procedure is how to standardize the sample tetrad, a problem
solved by Wishart [16] who found the sampling variance of the tetrad.

However, Wishart’s result only applies to 2 x 2-minors, which has limited the ap-

plication of the above constraint-based inference approach. In this paper we greatly
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generalize Wishart’s result to obtain the covariance matrix of higher-order minors of
a Wishart matrix; a problem that is also of intrinsic distribution-theoretic interest.
In §2, we clarify the role of higher-order minors in hidden variable models. In §3, we
present some basic results based on simple but powerful invariance arguments for
compound matrices. Together with the properties of the Choleski decomposition of
a Wishart matrix, these results allow us to compute, in §4 and §5, the expectations
and covariance matrix of minors of arbitrary Wishart matrices. In our conclusion
in §6, we comment on future research directions and give an example of constraint-
based inference based on 3 x 3 minors. The Appendix contains the proofs of two
lemmas as well as an interesting auxiliary result on the mean of the determinant of

a non-central Wishart covariance matrix.

2. Off-diagonal minors and hidden variables. Tetrads are 2 X 2-minors
that do not involve any diagonal elements of the covariance matrix . We call any
minor with this property an off-diagonal minor. In seminal work, Spirtes, Glymour
and Scheines [15, Thm. 6.10] have characterized the tetrad relations in covariance
matrices from directed Gaussian graphical models. The characterization of the van-
ishing of higher-order off-diagonal minors is still an open problem but in Proposition
2.2 below we are able to give simple sufficient conditions. Proposition 2.2(ii) applies
in particular to factor analysis with m — 1 factors; see also [6].

Consider a random vector X = (X1,...,X,)T ~ N,(11, %) with r > 2m compo-

nents. Let I, J C [r] be two disjoint index sets of cardinality |I| = |J| =m > 1.

LEMMA 2.1. IfK C [r]\(JUJ), then X; L X ; | Xk if and only if det(Xaxm) =0
for all GCIUK and H C JUK of cardinality |G| = |H| = |K| + 1.

PRrOOF. The claimed vanishing of minors implies (1.1) and thus the conditional
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independence. Conversely, the conditional independence implies that

Yixk  XiIxJ Yixk | oy
YIUKxKUJ = = Yk \ Zkxk ZKxJ-
YKxK XKxJ YKrxK
The second equality implies rank(X;ux xjur) < | K| and thus the claim. O

PROPOSITION 2.2. (i) If X; L X for some i € I, then det(X;xy) = 0.
(i1) Suppose the partitions I = [UIy and J = J1UJy have I, J1 # 0 (I or Ja
may be empty). Let K1 and K be subsets of [r] \ (I U J) such that K1 C K and
|K| 4+ |Io| + |J2] < |Ki|+m — 1. If Xi, L Xy | Xkounug, and Xp1L X, then
det(X7xs) = 0. The proposition states in particular that if X1 U X; | Xg for K C
[r]\ (1 UJ) with |[K| <m —1, then det(Xrxs) = 0.

PRrROOF. (i) Immediate. (ii) By Lemma 2.1, rank(X;0xxjur) < |K| + |I2] + | J2|
and thus det(Xux, xJuk,) = 0. Since Xy, = 0, it holds that det(X;ux, xJuK,) =
det(X7x ) det(Xx, « K, ), and the claim follows because det(X g, «x,) > 0. The last

statement of the proposition is obtained from (ii) by taking Iy = Jo = K1 =0. O

As an example in which an m X m-minor yields the only equality constraint
on the covariance matrix, consider 2m + (m — 1) random variables Xy, ..., Xop,
Yi,...,Y,_1. Define an acyclic digraph (DAG) G,, with these random variables
as vertices and edges as follows. Every variable Y; is adjacent to every one of the
variables X; by a directed edge Y; — X;. Every pair of vertices in {X1,..., X,,} is
joined by an edge, and the same holds for every pair of vertices in { Xy, 11, ..., Xom}-
For uniqueness assume that X; — X; implies ¢ < j. Figure 1 shows the graph G3,
which we will take up in a data example in the conclusion in §6.

In the remainder of this section, let I = [m] and J = {m + 1,...,2m}. The
graph Gy, encodes that X7 is conditionally independent of X ; given Y{,,_y) and that

the random variables Y; are completely independent; see e.g., [10] for details for a
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Fi1c 1. The graph Gs with two complete subgraphs joined through two hidden variables.

stochastic interpretation of directed graphs. Treating Y7, ..., Y,,—1 as hidden yields
a Gaussian model for (Xq,... ,Xgm)T. It can be shown that this model contains
exactly those distributions Na, (i, ) that have a covariance matrix of the form
Y = Q+ AAT, where A is an arbitrary 2m x (m — 1)-matrix and € is a positive
definite block-diagonal matrix; Q7. ; = 0. Let C,, be the set of covariance matrices

>} in this model. The following lemma is proven in the Appendix.

LEMMA 2.3.  If a polynomial f in the entries of the covariance matriz X evaluates
to zero at every matriz in Cp,, then f is a polynomial multiple of the off-diagonal

m X m-minor det(Xry 7).

3. Invariance under orthogonal transformations. Given that minors of
covariance matrices arise so naturally in independence models, it is interesting to
study their natural estimators, namely the minors of the sample covariance ma-
trix. Up to a scaling factor depending on the sample size, such sample minors are
distributed like the minors of Wishart matrices, which arise as follows.

Let X € R™™ be a matrix whose columns are independent random vectors dis-
tributed according to the multivariate normal distribution N,.(0, %) with positive
definite covariance matrix ¥ € R™*". Then S = X X7 is distributed according to
the Wishart distribution with scale parameter matrix ¥ and n degrees of freedom,

in symbols, S ~ W, (n,X). We refer to the Wishart distribution W, (n, I,) with the
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identity matrix I, € R"*" as scale parameter, as standard Wishart distribution.
Simple invariance arguments based on ideas from Olkin and Rubin [13] (see also

[4] and [7, Problem 4, p. 330]) will permit us to learn much about the standard case.

DEFINITION 3.1.  Let O(r) be the group of orthogonal matrices in R"™". The
distribution of a symmetric random matriz V- € R"™ " is orthogonally invariant, if
for all G € O(r), the distribution of GVGT is identical to the distribution of V. We

will say, for brevity, that V- € R™" is orthogonally invariant.

For S ~ W,(m,¥) and G € O(r), we have that GSGT ~ W,(n,GEGT), and
hence, the standard Wishart distribution W, (n, I,.) is orthogonally invariant.
The objects of our study are minors det(W7y y) or det(S7«s) that are specified by

two subsets I, J C [r] of equal cardinality |I| = |J| = m. We introduce the notation

{r}:{lg[r] I =m), melr]

m
ProrosITION 3.2. Let I,J € {;;L} If the symmetric random matriz V € R™*"
s orthogonally invariant, then

E[det(vmxm)] if I= ']7
Eldet (V)] = el

0 otherwise.

PrOOF. We extend the proof of Olkin and Rubin [13, Lemma 1], which treats the
case m = 1, in which the minors reduce to individual entries of V. Let I,J € {}
be two distinct subsets. For j € J\ I, let D; € O(r) be the diagonal matrix equal
to the identity matrix except for entry (j,j) which is equal to minus one. Then
DjVD;‘-F differs from V in that all off-diagonal entries of the j-th row and column
have been negated. Since j € J but j & I, det[(DjVDjT)]XJ] = —det(Vyxs). Thus,
E[det(Vr«s)] = 0is implied by E[det(Vi«s)] = E[det(DjVD]T)IXJ] = —E[det(Vix.s)].
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Since |I| = |J|, we can find a permutation that maps the indices in I to those
in J. Let P = P;yj € O(r) be the matrix representing this permutation. Then,
(PVPT) i1 = Vs, and E[det(Vixr)] = E{det[(PVPT) 1y} = Eldet(Vyxs)]. It
follows that E[det(Vyxr)] = E[det(Viy,)x[m))] for all T € {]}. O

Our approach to determine the moment structure of the minors of a Wishart
matrix is based on the following ideas. First, recall that if S ~ W,(n,X%), and
W ~ W, (n,I,), then

(3.1) S =22Wel2 o Wi (n, SV2L2YE) = W, (n, %),

(For notational simplicity, we will use the symmetric square root throughout the
paper but non-symmetric square roots (e.g., lower triangular) could be used instead.)
Second, recall that for a matrix A € R"™" and an integer m € [r], the m-th compound

of A is the matrix

A = (det(Arxy)) } € R(m)*(7)

rJe{!

that is populated with all m x m-minors of A. If m = 0, we set A® =1 € R. The
Binet-Cauchy theorem (see for example, Marshall and Olkin [11, p. 503] and Aitken

[1, Chap. V]) states that
(3.2) (AB)™ = Alm) g(m)

which allows to use (3.1) for the transfer from standard to general Wishart matrices.

The last ingredient to our approach is the fact that the products

det(S]XJ) det(SKxL), I,J K, Le {T;}’

which are exactly the quantities of interest for studying the variance-covariance

structure of minors of S, are the entries of the Kronecker product S @ §(m).
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The next proposition states that the first and second moments of the compound
matrix S(™ can be obtained from those of the compound matrix W ("™ for a standard

Wishart matrix. The result follows from (3.1) and (3.2).

PROPOSITION 3.3. Let S ~ Wy(n,%) and W ~ Wy(n, I,) and let £'/? denote

the unique symmetric and positive definite square root of 3. Then

E[St)] = (212)m gw )zt
E[S(m) ® S(m)] = [(21/2)(m) ® (21/2)(771)] (E[W(m) ® W(m)]) [(21/2)(771) ® (21/2)(m)] ,
Cov[$™] = E[s"™ @ $t™)] - (E[s™)] @ E[s™))

_ [(21/2)(771) ® (21/2)(771)] (COV[W(m)]) [(21/2)(m) ® (21/2)(m)].

Proposition 3.3 is only useful if we are able to compute the necessary moments
of W™ However, the invariance of W under the orthogonal group tells us a great
deal about these moments. The full first and second moment structure of W™ will
be derived in Corollary 4.2 and Theorem 4.5.

In the next result I A J denotes the symmetric difference (J\ I) U (I \ J).

ProposITION 3.4. Let I,J, K,L € {;}, and let V€ R™" be orthogonally in-

variant. If I AN J # K N\ L, then

(3.3) Eldet(Vyx.s) det(Viexr)] = 0.

Moreover, under any permutation o € S, of the indices in [r],

(3.4) E[det(Vixs) det(Vix )] = E[det(Vy(1)xo(7)) det(Vo (k) xo(1))]-

PROOF. Again we extend the ideas in Olkin and Rubin [13, Lemma 1].
Let IAJ # K A L. Assume without loss of generality that there exists an index

je IAJ)\ (KAL) Let D; be the diagonal matrix defined in the proof of
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Proposition 3.2. Recall that the action of D; negates the j-th row and column in V.
By choice of j € I A J, it holds that det[(DjVD;fF)IXJ] = —det(Vyx). Since either
je KNLorj¢ KUL, it holds further that det[(DjVDf)KxL] = det(Vkxr). Then

(3.3), as well as (3.4), follows immediately from the orthogonal invariance of V. [

EXAMPLE 3.5. Let m = 2 and r = 4. Applying the permutation o = (1)(23)(4),
(3.4) implies that E[det(Viax12)?] = E[det(V13x13)?] but because there is no permu-
tation of {1,2,3,4} that sends {1,2} to {1,2} and {1,2} to {2,4}, E[det(Vi2x12)?]
and E[det(Vi2x12) det(Vagx24)] need not be equal. We will illustrate the use of Propo-

sition 3.4 further in Example 4.6 where we consider a standard Wishart distribution.

4. Choleski-decomposition of a standard Wishart matrix. The argu-
ments presented in §3 determine the first and second moments of minors of orthog-
onally invariant random matrices only up to constants. In this section we determine
these constants for the standard Wishart distribution W, (n, I,.). For this task we use
the Choleski-decomposition that has the following convenient distributional prop-

erty; see for example Muirhead [12, Thm. 3.2.14] for a proof of this classic result.

LEMMA 4.1. Let W follow the W,(n,I,) distribution with n > r. Let T =
(tij)i<ij<r be lower-triangular with positive diagonal entries such that W = TTT.
Then the t;j, i > j, are independent random variables distributed ast?, ~ x%_,. 1, i =

]

L,...,r, and tiy; ~ N(0,1), 1 <j<i<r.

We remark that the elements ¢;; have been called rectangular coordinates. Since

det(TT*) = [Ij—, t% and E[t2] = E[x2_,,1] = n— i+ 1, we obtain the following

k23

Corollary to Proposition 3.2 and to Lemma 4.1 applied to Wyy;.
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COROLLARY 4.2. Let I,J e { }. If W ~W,(n,I.) with n > m, then

nl/(n—m)!, i I=1J.
E[det(W[XJ)] = /( ) f

0, otherwise,

and
n!

E[S(™)] = »(m)

(n—m)!

The Choleski-decomposition W = TT7 of a standard Wishart matrix W reveals
additional information. In the remainder of this section assume that n > r, which

implies that T is of full rank with probability one.

LEMMA 4.3. Let ¢ € {0,...,m} be an integer such that there exists a subset

JC{m+1,...,r} of cardinality |J| = m — c. Then

det(W[m]X [C]UJ (Ht )( H t]j) det(TJx{chl })

j=c+1

PROOF. Let I = {c+1,...,m} = [m]\ [c]. From the partitioning

Wigxig  Wigxs
Winix(jgu) = axie Tln)
Wik Wixs

we obtain that
(4.1) et (Wi (gun) = det(Wigx(e) det (Wrye s = Wi Wigs g Widx)-

Clearly, det(Wqx(q) = ITiz1 t2 so that we are left with studying the second factor
on the right hand side of equation (4.1).
For a subset D C [r], let Tp = Tpy|y) be the submatrix comprising all rows of T

with index in D. Then we can write

det (Wi, 7 — WIX[c] [c]x[ }W[C]XJ) = det {TI[ T[c] (T[c]T[c]) lT[c]]T}j}‘
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The matrix I, —T[f] (T T@)_IT[C] represents the orthogonal projection on the kernel
of Tjg. Since T' is lower diagonal with by assumption non-zero diagonal entries, it
holds that ker(Tjy) = {0} x R"~¢, which means that the projection considered

replaces the first ¢ entries of a vector in R" by zeros. Therefore,
det {Tj [Ir - 11[:5] (ﬂc]T[%i)_lﬂc]]T%} = det (fo{C+1,...,T}T§X{c—i—l,...,r})'

By the Binet-Cauchy theorem,

det (TI_X{c+1,...,r}T§><{c+1,...,r}) = Z det (TI_XD) det (TJXD)

DC{et1,...r},
|[D|=m—c

(4.2) = det (fof) det (zjf)‘
The second equality in (4.2) holds because if D # I = {c+1,...,m}, then the

matrix 77, p contains a column consisting entirely of zeros and thus det(7%, ) = 0.

Our claim follows from det(17, 1) = [17.41 tj;- O
From Lemma 4.3 we can deduce the distribution of a minor det(Wyy s).

THEOREM 4.4. Letl,J € {;} have a (possibly empty) intersection of cardinality
[INJ|=c>0. IfW ~W,(n,lI,), then

(43) det(Wis 1) ~ (ﬁ Wi> ( i W) det(2),
=1

i=c+1

where W;,i = 1,...,m are independent X%_Hl random variables and Z = (Z;;) €
R(m=0)x(m=¢) 45 ¢ random matriz of independent N'(0,1) random variables that are

also independent of (W1, ..., Wy,). In particular,

_ ! (n+2)!
E[det(Wli)2] S —mlmtz—InJ) (m—|INJ|)!
and
nt (n+2)t  nl —
m—m)! [(n+2-m) (n—m)!]’ fI=J,
Var[det(WIxJ)] =

n! (n+2)!
(n—m)! (n+2—|INJ])!

(m—|INJ), i INJ|<m.
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PRroOF. By orthogonal invariance of the standard Wishart distribution, we can
permute rows and columns of W such that I = [m] and J = [c]U{m+1,...,2m—c}.
Thus (4.3) follows from Lemmas 4.3 and 4.1.

For the derivation of the second moment, recall that E[x2] = n and E[(x2)?] =
n(n + 2). Let S, be the group of permutations of [h]. Then

m—c
Eldet(2)°]= > > E lH (i) ] = > IIE [Zz?o(i)} = (m—c)!,
0ESm—c TESm—c 0ESm—c =1

which yields E[det(W/«.)?]. The variance is obtained using Corollary 4.2. O

We next turn to moments of the form E[det(W;y.s)det(Wgky )] with (I,J) #
(K, L). By Proposition 3.4, this expectation is non-zero only if I A J = K A L.
At this point, before proceeding to derive the desired expectation, we would like to
emphasize that throughout the paper we consider an index set I = {i1,...,%,} to be
equipped with an ordering. Such an ordering yields an index sequence (i1, ..., %)
that dictates the order in which we list the rows (or columns) of a submatrix.
Since our results so far did not depend on the choice of ordering, we kept this view
implicit. For our next result, however, the order in which the indices in I are listed
matters since different orderings may lead to different signs of determinants due to

the interchanging of the rows or columns in submatrices. For example,
(4.4) E[det(W12><14) det(W23><34)] = — E[det(W12><14) det(W23><43)].

In the following theorem, the elements of four index sets I, J, K, L are assumed to
be ordered according to a total order of [r| that achieves certain order relationships
across the four sets. We write A < B if all elements of A C [r] are smaller than

those of B C [r], or if A or B is the empty set. (Note that this implies ) < A < (.)

THEOREM 4.5. Let I,J,K,L € {} such that A J =K A L. Let

I=I\(InJ), K =K\(KNL), J=J\(INJ), L =L\ (KNL).
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Moreover, assume that the indices in I, J, K and L are listed according to a total

order in [r] under which

INH\(KNL)y<I<J<(KNL)\(INnJ), INK<INL, JnK<JnNL.
Under these conventions it holds that if W ~ W,(n, I,), then

n! (n+2)!

m—m)!l (n+2—-|INJNKNL|)

(n—m+|(INJ)\ (KNL)) InE| [InL|.

E[det(W]XJ> det(WKxL)] = ' X

(n —m)!

Theorem 4.5 yields for example that E[det(Wi2x13) det(Wasxss)] = n(n — 1)2.
However, it does not yield directly the value of E[det(WW12x14) det(Wagxs4)] in (4.4).
Instead, we can obtain that E[det(Wi2x14) det(Wasxa3)] = n(n — 1)2. Hence, by
(4.4), we find E[det(W1ax14) det(Wagx3sa)] = —n(n — 1)2.

EXAMPLE 4.6. If m = 2 and r = 4, then the covariance matrix Cov[W (™)), which
determines Cov[S(™)], is a symmetric matrix of size 36 x 36. Because Cov[W (™)]
is derived from the symmetric matrix W, we can restrict ourselves to unordered
pairs of sets (I,J) € {} x {’} with possible equality I = J. There are 21 such
unordered pairs. We represent Cov[IW(™)] as a symmetric block-diagonal 21 x 21
matrix with blocks formed according to I A J. Proposition 3.4 implies such block-
diagonal structure also for the general case of arbitrary m and r.

The first block is indexed by the six pairs (I,1), I € {7;}, involves the principal
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minors and takes on the form
12,12 13,13 14,14 23,23 24,24 34,34

fi Ja fa fa fa 0
bil Ja Ja 0 fa
fi 0 fa fa

bil fa fa
fi Ja
1

where from Theorems 4.4 and 4.5 respectively, we have f; = 2n(2n+1)(n — 1) and
f1=2n(n—1)2 Next, we have a series of six blocks of size 2 x 2, each involving two
pairs (I,J) and (K, L) for which I A J = K A L and |I N J| = 1, or equivalently

|I A J| = 2. Two representatives of these six blocks are

12,13 24,34 12,14 23,34
f2 f5 fo —fs5
and
fo f2

where by Theorems 4.4 and 4.5 respectively, fo = n(n+2)(n—1) and f5 = n(n—1)2.
The last block is obtained for the pairs (I,J) with I,J disjoint, or equivalently,
I'ANJ=[r]={1,2,3,4}. It takes the form

12,34 13,24 14,23

f3 fe —fe
/3 fe
/3

with f3 =2n(n —1) and fs =n(n —1).

The remainder of this section is devoted to the proof of Theorem 4.5 in which we

can assume that r = max(IUJUKUL). Note that |(INJ)\(KNL)| = [(KNL)\(INJ)|,
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which means that, as should be the case, the formula in Theorem 4.5 is not changed

if the order of (I,J) and (K, L) is reversed.

LEMMA 4.7. IfINJNKNL=C#0, |C]=c>1, then
E[det(Wiy ;) det(Wxxr)] = E[det(Wrey se) det(Wxex )] - E[det(Weoxe)?],
where A° = A\ C for any subset A C [r], and
W = Wigexppe — Wiexe WeneWexple ~ We—e(n — ¢, I—).
PRrROOF. The claim follows from the fact that
det(Wry ) det(Wr ) = det(Weseo)? det (Wiex ge) det (Wiexe)
in conjunction with the independence of Wew o and W (see Lemma 5.2 below). [

Since Theorem 4.4 yields the term E[det(Wcx¢)?] appearing in Lemma 4.7, the
proof of Theorem 4.5 is completed by the following Lemma, which is proven in the

Appendix.

LEMMA 4.8. Letl,J K,L € {;} such that INJ = KAL and INJNKNL = (.
Define I,J, K, L as in Theorem 4.5, and assume furthermore that INJ < I < J <
KNnL, INK<INL,and JNK <JNL. If W ~W,(n, 1), then

Edet(Wyn) det(Winr)] = ’W plm—c— ),

where c=|INJ|=|KNL| andp=|INK|=|JNL|.

5. Variances of minors. In §§3-4 we found the covariance matrix of the com-
pound S(™) of a Wishart matrix S ~ W, (n, ). However, due to the involved square
roots $/2, the form of the individual entries of Cov[S(™)] is not transparent. In this
section, we derive explicit formulas for the variances of m x m-minors with m < n.

We begin by reviewing the well-known formula for a principal minor [2, §7.5].
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PROPOSITION 5.1.  If S ~ W, (n,%) and I € {]}, then

Var[det(Srx1)] = (n f!m)! {(n(j_l;—_Q),;y n (n f!m)!}det(21x1)2~

PrROOF. Apply (3.1) with the submatrix Srx; replacing the full Wishart matrix
S to obtain that Var[det(S;x)] = det(2)? - Var[det(Wjx;)], which in conjunction

with Theorem 4.4 yields the claim. O

Next, we derive an explicit formula for the variance of off-diagonal minors of a
general Wishart matrix S ~ W, (n,X). From this formula and Proposition 5.1, a
formula for the variance of arbitrary minors of .S is obtained in Theorem 5.7.

Let I,J € {;} be two disjoint subsets. Then the minor det(Sy« ) is off-diagonal
in that it does not involve any diagonal elements of S. Let S7yxry and Xrjxr5 be
the (JUJ) x (IUJ)-submatrix of S and 3, respectively. We partition these 2m x 2m-
submatrices into four m x m-submatrices according to I and J where we adopt the

shorthand notation Syx; = Syr, Sixg = S1j, etc. Let
Srr.g =S —S1sS7;S; and X=X — S5 550

Our line of attack in computing the variance of the off-diagonal minor det(S7« ) =

det(S7s) is to employ the decomposition
(5.1) Var[det(S7s)] = Var [E[det(S]J) | SJJ]] +E [Var[det(SU) | SJJH.

The evaluations of the two terms on the right hand side of (5.1) are given in Lem-

mas 5.3 and 5.4, which are based on the following well-known result [12, Thm. 3.2.10].

LEMMA 5.2. If S ~ Wr(n, E), then Sj5 ~ Wm(n,ZJJ), Srrg ~ Wm(n —
m,Xr1.7), and the random matriz Srr.j is independent of (Sry,Syr). Finally, the
conditional distribution of Stj given Sjj is normal and such that
(5.2) (SIJS;}/Q | S77) ~ N2 (EIJE;}S}]{]Qa Yrg® Im) ,

(53) = OS5 1S0) ~ Noa (S5 78002508 In @ In) -
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LEMMA 5.3. It holds that

Var [E[det(S[J) | SJJ]] — @ n!m)! {( (n+2)! B n! '} 'det(EIJ)2,

n+2-m) (n—m)

PrOOF. By (5.2) in Lemma 5.2,

Var [E[det(S75) | Sys]] = Var [E[det(S7,5,7) | Sy4] - det(SYP)]
= Var [det(S7,277) - det(S,)]

= det(EIJ)2 det(ZJJ)_Q Var [det(SJJ)] .
Now the claim follows from Proposition 5.1. O

LEMMA 5.4. Let 27 denote the I x J-submatriz of the inverse of X1yx1;. Then

E [Var[det(S[J) ’ SJJ” = det(Xryxr1g) X

("li:l(m ot nl  (n+2)! = (=1)* tl“{(ZJIEIJ)(k)}> '

=0 (n—m)!l (n+2—k)

PRrRoor. First note that

(5.4) E [Var[det(SIJ) | SJJ]] =
det(E][_J) -E {Var[det(EI_Il.GQSUS;}/Q) ‘ SJJ] . det(SJJ):| .

It follows from (5.3) that conditional on Sz, the entries of the matrix 2;11.{,25 T JS;}/ 2

are independent normal random variables with variance one, albeit these entries are
not identically distributed as their means may differ in arbitrary fashion. We are
led to the problem of computing Var[det(X)], where the matrix X € R™*™ ig

distributed according to the multivariate normal distribution

X~ Nopo(A I @ 1y), A= n,5718YE e gmxm
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Lemma C.1 provides an evaluation of E[det(X)?], and from (5.4) we find that

(5.5) E [Var[det(SIJ) | SJJH = det(Xy7.5) %

m—1

_ _ _ — (k)
Z (m—k)!-E [tr { (2111.92EIJEJ}SJJZJ}ZJIEIII./(ﬁ) } . det(SJJ):| )
k=0

Setting C = Z;}EJIEI_;_JZUZE}, equation (5.5) simplifies to

—_

E [Var[det(SU) ’ SJJ]] = det(E[[,J) is (m - k)' -E {tr {(CSJJ)(k)} . det(SJJ):|
e

— o

m—

= det(E[[,J) (m—k)‘ -E {tr {C(k)Sy}) ’det(SJJ)}:|

i
o

3

= det(E[[,J) (m—k)‘ - tr {C(k)E [SSI? 'det(SJL]):|} .

i
o

Now, let W;; = (EJJ)_1/2SJJ(EJJ)_1/2. As in (3.1), Wiy~ Wm(m[m). Thus

E [Var[det(SU) ‘ SJJH = det(ZH.J) det(EJJ)X

(nf(m = k)l { OB E W - det(W,,)] (2},{,2)““)}) .
k=0

The distribution of Wy}) -det(W ;) has the invariance property that for G € O(m),
G® (W) - det(W,.)) (GT)® ~ W - det(W,).

In analogy to Proposition 3.2 and the derivation of Theorem 4.4, it holds that

n! (n+2)!

B [Wy‘c}) . det(W‘]‘])} B (n—m)! (n+2-— k)! . 1(71:-1)'

Because det(X7.7) det(X57) = det(X15x77), we therefore have that

E [Var[det(SU) ’ SJJ]] =

m—1
det(Xrrxr7) - (g(m — k:)!(n il!m)! : (n(j-;z);{;)! .tr{(EJJC)(k)}> '

The claim now follows because, by simple considerations about the inverse of the

partitioned matrix X; 77, it holds that ¥ ;,C = =3 ;; 217, O
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Combining Lemmas 5.3 and 5.4 according to (5.1) yields the following proposition.

PROPOSITION 5.5. LetI,J € {7:1} be two disjoint subsets. Then the off-diagonal

minor det(Srxy) = det(Sry) of the Wishart matriz S ~ W,(n,X) has variance

Var(det(57,)] = — {( (n+2!

(n—m)! - det(21)° n+2—m)! (n—m)!}+

n! m—1 (n+2)!
(n—m)! +det(Xrsxrs) <1;)(m — k) mt2—m (—1)* tr {(EJIEIJ)(k)}> :

COROLLARY 5.6 (Wishart, 1928). In the special case m = 2 the off-diagonal

minor det(S7xy) = det(Sry) is known as a tetrad, and

Var[det(Sry)] =
n(n—1) [(n+2) det(Srr) det(Syy) — ndet(Sryxrs) + 3ndet(Try)?)
PRrOOF. The claim follows from Proposition 5.5, and the fact that if m = 2 then

tr(Syr5"7) det(Sryxrs) = det(Sryxrs) — det(Syr) det(Sy5) + det(Sr5)?. O

THEOREM 5.7. Let I,J € {]} have intersection C := I N J of cardinality ¢ =
|C| = [INJ|. Define =TI\ (INJ), J=J\({INJ), and [J =TUJ. Then the

minor det(Srxy) = det(Sry) of the Wishart matriz S ~ W,(n,X) has variance

n! { (n+2)!  nl

m—m)! l(n+2—-¢)! (n—2oc)!
. n+2—c¢)! n—c) 7

[det(zfj)2 {((n oo m))! - ((n — m))! } + det(Xj7.17) %

m—c—1 DAY ) o
( > (m—c—k) (n(j_;ic_);)! ‘(—1)’“tr{(zJszJ)<k>}>1,

Var[det(S1,)] = }det(ECXC)2x

where T = S0 (V) — BN xCEOx0EOx(H\CO)

PROOF. Define S in analogy to %. Since det(Syx.s) = det(Scxc) det(Sry, ;) and
Scxc and Sp, 7 are independent (Lemma 5.2), the claim follows from Proposi-

tions 5.1 and 5.5. OJ
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6. Conclusion. We study first and second moments of minors of a Wishart ma-
trix, relying fundamentally on the properties of compound matrices. For a standard
Wishart matrix W, invariant under O(r), we extended classic invariance arguments
due to Olkin and Rubin [13] to the case of compounds. This was possible because
the Binet-Cauchy theorem implies that the distribution of the compound W™ is
invariant under compounds of matrices in O(r). Note, however, that the distribution
of W™ is not invariant under all matrices in O((")).

Our results yield closed-form test statistics that are useful for evaluating the
goodness-of-fit of hidden variable models; compare [6, §3]. As an example, consider
the model from §2 that is induced by the graph G35 in Figure 1. For illustration we
use classic data on physical variables for 305 fifteen-year-old girls from the University
of Chicago Lab schools; a correlation matrix is reported in [9, Table 7.1, p. 169]. We
choose X1, ..., Xg as Height, Arm span, Length of forearm, Weight, Chest girth, and
Chest width. The partition in I = { X7, X2, X3} and J = { X4, X5, X4} thus separates
variables relating to lankiness from those relating to stockiness. We compute the
I x J minor of the sample correlation matrix (recall Lemma 2.3) and estimate
its sampling variance by inserting the correlation matrix into the formula from
Proposition 5.5. When doing this we omit the first term in the formula because
det(Xrs) is hypothesized to be zero. Comparing the ratio of sample minor and
estimated standard deviation to the standard normal distribution gives a p-value of
0.42. In comparison, the likelihood ratio test computed using the EM algorithm has
p-value 0.39, which also indicates a good model fit. Repeating the same procedure
for a less meaningful variable partition obtained by exchanging Length of forearm
(X3) and Chest width (X¢) leads to p-values of 0.0034 and 0.0026 for the minor and
the likelihood ratio test, respectively. These results suggest that the closed-form
minor test may indeed have good power.

In the above example, the only data available were a sample correlation ma-
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trix, which we treated as if it were a sample covariance matrix. This is justified,
however, because the ratio of sample minor and standard deviation estimate is
the same when evaluated over the sample correlation matrix instead of the sam-
ple covariance matrix. This fact is a consequence of the multilinearity of the de-
terminant and the Binet-Cauchy theorem, which implies that Varyp[det(Six.)] =
(ILics 0ii) (11 0j5) Varg[det(Srx.7)]. Here, R is the correlation matrix of the co-
variance matrix . While we can justifiably compute standardized sample minors
from correlation matrices, our Wishart distribution results do not yield the moments
of minors of sample correlation matrices. The determination of these is an interest-
ing problem for future research. The distribution of sample correlation matrices is
orthogonally invariant when the covariance matrix is a multiple of the identity but
it is not so in general.

Our data example falls into a traditional large sample setting. We believe that
minors may also be useful for high-dimensional settings in which the number of
variables is large, perhaps even larger than the sample size. The reasoning behind
this speculation is that sample minors may be formed from full rank submatrices
even when the entire sample covariance matrix is singular. Clearly a likelihood ratio

test against a saturated alternative is impossible under such singularity.
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APPENDIX A: PROOF OF LEMMA 2.3

ProoF. Let R[o]| be the ring of polynomials in the indeterminates oy;, i < j.

Define Z; C Ro] to be the ideal generated by the minor det(X;xs). Since this

minor is irreducible, Z; is a prime ideal. Define Zo C R[o]| to be the ideal of all
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polynomials that vanish when evaluated at a matrix 3 € C,,. The ideal Zs is also a
prime ideal [5, §4.5]. In Lemma 2.3, we claim that Z; = Z».

Let V7 and V5 be the irreducible varieties of complex matrices ¥ such that f(X) =
0 for all f € Z; and all f € 75, respectively. In all distributions in the graphical model
induced by the graph G,, defined in Section 2 it holds that X; 1l X | Y[m—1)- Hence,
by Proposition 2.2(ii), det(X;xs) = 0 for all ¥ € C,,, which implies that Z; C Z,
and Vo C V;. Conversely, a matrix ¥ € V; can be written as ¥ = Q + AA? with
Q € C¥"*2m plock-diagonal and A € C2™*(m=1) A polynomial in Z, must vanish
at such a matrix . Thus X € V5, and consequently Vi = Vs. Since 77 is a prime

ideal it now follows from the Strong Nullstellensatz [5, §4.2] that Z; = Zs. O

APPENDIX B: PROOF OF LEMMA 4.8
PRrOOF. First, we emphasize that INJ =0, KNL=0,I0J=1IAJ=KAL =
KUL, and |I| = |J| = |K| = |L| = m—ec. Defining ¢ = |[INL| = |JN K], it also holds

that p+q = |[INK|+|INL| =

I| = m—c. Moreover, since |[INK|+|JNK| = |K| =
m — ¢, it holds that [INK|=p=|JNLland [INLl=g=m—c—p=|JNK]|.

By permuting the indices in [r] if necessary (Proposition 3.4), we can assume that
InJ={1,...,¢}, INK={c+1,...,c+p},

INL={c+p+1,....m=c+p+q}, JNK={m+1,...,m+q+1},

JNL={m+q+1,...2m—c=m+q+p}, KNL={2m—c+1,...,2m}.

As another convention, we enumerate the elements of the sets K and L as K =
(k1,...,km) and L = (¢1,...,4y,), respectively, while choosing k; = ¢; for all i € [c].
Let W = TT" be the Choleski-decomposition of W whose Choleski-factor T =

(tij) is lower-triangular with positive diagonal elements. By Lemma 4.3,

i=c+1

(B.l) det(W[XJ) = (ﬁ t?l) ( ﬁ tii) det(zjj).
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Whereas det(Wrxs) has the simple representation in (B.1), this is not the case
for det(Wx«r). However, because we are interested in E[det(Wjy ) det(Wixp)]
some simplification is possible based on the following fact. Because t;;, i > j, are
independent N(0,1), if (v | 1 < j <1 <) contains an entry «;; that is odd and
such that ¢ > j, then
(B-2) E[II7] =T1E[] =0

i>j i>j

By the Binet-Cauchy theorem, det(Wx 1) is equal to

m
Z det TKXH) det TL><H Z Z Z U+T H tkahg(a>t£ah7(a)a

He{m} He{m} 0ESm TESM a=1

where H = {hy,..., hy}. Since k, = ¢, for a € [¢],

C C
(B.3) II thaho(a) tahr(a) = II thahea) thahy(a) -

a=1 a=1

We claim that

>y oy e () ( il tt)
a=1

7" TESM: =
He{m} 7ESm T(a)=0c(a) Ya€[c] b=c+1

satisfies

E[det(W]XJ) det(WKxL)] = E[det(W[XJ) . fl]

In order to see this, fix H and o, and assume that 7 is such that there exists
a € [c] for which o(a) # 7(a). Then hyy # ko Or ho(q) # ko Without loss of
generality, assume that h,(q) # kq. If hg(q) > ko then tkahg(a =0 because T is lower-

triangular. If hg(,) < ko then tg,p

aho(a) APPEATS with exponent one in the monomial

| (e haho(a) tlahr(a)- The index k, € K N L is not an element of 7 U J. Thus Chahi(a)
appears with exponent one in

m
det(W]X]) . H tkahg(a)tfahf(a)‘
a=1
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Therefore, according to (B.2), only monomials []2, hahy(a)tlahy (o) aPPeATING in fi
may contribute to the expected value of det(W;x s) det(Wgx1).

We can rewrite (B.4) as

fi= 3 > (=17 <Htiaha<a>> ( II tkbha<b>> x
a=1

HG{;L} oESM b=c+1

[ Z (=1)" H Lophry |-

TESM: b=c+1
T(a):o(agnVae[c] ot

Now,

Z (_1)T ( H tebhr(b)) = (_1)0 Z (_1)700_1 H tebhroafl(a(b))

TESM: b=c+1 TESM: b=c+1
T(a,):a(a;thle[c] ¢ T(a):o(a;nVae[c] ¢

= (=1)° Z (=17 H Loyha (o m))

’T_-ESU({C+1 ..... m}) b=c+1

=(=1)° det(TEx(ha(c+1)7-"’h0<m)))'

Therefore,

= > Y <H t%ahg(a)> ( 11 tkbha(b)> Aet(TLx (hy e 1)1 (o))

He{;} ceS, \a=1 b=c+1

We have thus shown that E[det(W;y ;) det(Wk«r)] is equal to the expectation of

85 Y Y (H t%ahg@) ( 1 tkbha(b))

He{!} oS \a=1 b=c+1
c m
X det(TLx(hg(cﬂ),...,ho(m))) ( t?aia) ( H tibib> det(T5,7)-
a=1 b=c+1
We next claim that the expectation of (B.5) does not change when dropping
all terms associated with pairs (H,o) for which {hs(c41),-- -5 hom)} # I. To see
this, choose b € {¢+1,...,m} for which h,p) € {Rp(cs1)s---sho@m)} \ 1. Now

consider three cases. First, if h,p) € (K N L)U(J N L), then hypy > ky € K, and it



26 M. DRTON, H. MASSAM AND I. OLKIN

follows that tkbha(b) = 0, which leads to the vanishing of the term associated with
H and o. Second, if hy ) € J N K, then every non-zero term in the expansion of

det(TLX(hg ( involves an off-diagonal element of T that does not appear

c+1)7"’7ho'(m)))
in det(7'7, 7). Hence, every monomial of the term associated with (H, o) features
an off-diagonal element of T" raised to the power one. Therefore, by (B.2), the term
associated with (H, o) has expectation zero. The third case in which h, @) € 1N J

is similar to the second case just discussed.

The claim just verified allows us to rewrite (B.5) as

B Y S (e (f[ tiaw>
B a=1

He{] }:ICH , o€Sm,

X (H&) 11 tkbha<b>) ( II tibib) det(T7 ) det(Try 1),
b

a=1 =c+1 b=c+1
where v, is the permutation of I = {c¢+1,...,m} that sorts ho(ct1)s- -+ s ho(m) In
increasing order, i.e. ¢+ 1 = hy((cq1)) < - < ho((m)) = m. We now argue that

the expectation of (B.6) does not change when replacing det(77} . 7) by

(B.7) ( 11 W) det(T{ jnryx (Ink))-

¢eLnI
In fact, we find (B.7) from the Laplace expansion along the diagonal t,,¢ € LN 1,
for which det(T jnr)x(7xi)) serves as a cofactor. Every term in det(77 ;) that does
not appear in (B.7) involves an off-diagonal entry in T of the form t, with a € LNT
and b € I, a > b. Such ty, however, does not appear in det(T'7,7) since clearly
a < min(J). Now, an appeal to (B.2) closes the argument.
Next, recall that k, € INK ifb € {c+1,...,c+p}. Hence, if b € {c+1,...,c+p}

but h, ) # kb, then the term g, does not appear in det(7'7, 7). In other words,

20
a term in (B.6) based on (H,o) with h,4) # kp has zero expectation by (B.2).
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Combining this observation with the replacement in (B.7), we define
(B.8) fo=

Z Z (=1)™ <thaha(a>>( H tkbhrf(b))
a=1

bICH  o€Smiho(fetr,..mp=T b=c+p+1

ho(ctj)hetj EINK Vic(p]

( 11 tkk) <H t; za> ( 11 tz'bib) ( I1 tu) det(T jnryx (ink)) et (T 1),
keInK b=c+1 teLnl

which satisfies E[f2] = E[det(Wrxs) det(Wk«1)].

He{]

m

In our next simplification, we claim that if we replace det(7'7, 7) in f2 by

(B.9) det(T jaryx (1nk)) 4T 7)< (InL))s

then the expectation does not change. This follows from (B.2) because every term
in the expansion of det(T7, ;) that does not appear in (B.9) involves some ¢, with
ac€ JNLandbc INL,and such ty, appears neither in det(T(ij)x(I'mf()) nor in
II2% et pr1 thyho sy because ky € K <min(JNL).

In fo, H € {,} is such that I C H and h,({c41,.m}) = I and therefore
(BlO) H:{hl,hg,...,hc}Uj.

Using (B.9) and the fact that h,) € I\(INK) = INLifb € {c+p+1,...,m} = INL,

we obtain that E[det(Wrys) det(Wk«1)] is equal to

(B.11) [Z 2 ) (r:[lch)]

hi€[ki\I ho€lk2\(1U{h1})  hc€lk]\(IU{h1,...;hc—1})

X( Z (_1)M ﬁ tkbu )(Htlaza> (Ht222>
RESTAL b=c+p+1 iel

x det(T jnryx (ini))” et (T gy (ink))-

In the simplification from (B.8) to (B.11) we replaced the two sums over H and

o by the sums over hq,...,h.. This is possible because of (B.10) and because by
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choosing appropriate H and o, h,(,) can take on any value in [k, \ I while respecting
that all h,(,), a € [c], must be different. In the simplification from (B.8) to (B.11)
we also replaced the permutation v, by a new permutation p. For this step, recall
that v, in (B.8) is the permutation that brings hy(c41), - - -, () in increasing order
with hgep1) = ket1 < hgeqo) = ker2 < ... < hg(cqp) = ketp, Which implies that
vs(j) = j forall j € {c+1,...,c+ p}. Thus the sign of v, is equal to the sign of
Vo|{c4p+1,..,m}- The latter restriction is denoted by u in (B.11).

Noting that ky € JNK if b€ {c+p+1,...,m}, we see that

Do DR T thoue) = det(Tgnryxink))
HESFAL b=c+p+1

Thus, we have shown that E[det(W;yx.s) det(Wgk« )] is equal to the expectation of
¢ [lkal\I
(B.12) (H ti) det(T zan(ini)) AT znn<ini) [ TT | Do than
el a=1 h=a
Since t3 ~ x2_;,1, and moreover,
[ka]\I

2 2 2 2
Z tkah ~ X(nfka+1)+(ka7a)f|f\ = X(n—a+1)—(m—c) — Xn—m+c—a+1>
h=a

this proof can be completed using the results on expected values from the proof of

Theorem 4.4. O

APPENDIX C: A NON-CENTRAL WISHART DETERMINANT
As in Lemma 5.4, we consider X € R"™*™ distributed according to N,,2(A4, I,, ®
In), A = (a;;) € R™*™. From the independence of the entries of X, it follows that

(C.1) E[det(X)] = det(A).

If A is non-zero, then the matrix X X7 follows a non-central Wishart distribution.
Theorem 10.3.7 in [12] provides a general formula for moments of the determinant

of a non-central Wishart matrix in terms of hypergeometric functions with matrix
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argument. Here, X is a square matrix and we can give a simple formula E[det(X)?] =

E[det(X XT)] that involves only traces and compounds.

LeEMMA C.1.  The expectation of det(X XT) = det(X)? can be expressed as

m

E[det(X)?] = > (m — k)! - tr [(AAT)®].

k=0

Here, (AAT)®) .= 1 € R and (AAT)(™) = det(AAT). By (C.1),

Var[det(X)] = mi(m — k)l - tr [(AAT)®)].,
k=0

PRrROOF. Let S, be the group of permutations of [m]. Then,

Bt = 30 3 T1B Ko Ko

0ESH TESH j=1
m

= 3 3 VT (Gotiyrt) + @rianii) -

0€Sm TESH j=1

where d;; is the Kronecker delta. The product

f[ ( o(j)r(G) T Co(§)i ()i ) = > <Ha0(J ])J) (Hdvu )7(5) ) '

JC[m] \j&J JEJ

Therefore, if we define g;(0) =3 resm  (=1)7"7 [Lje @0 (j)j0r(;);, then

()=o) YigJ
Bex? =30 Y Y aslo
k=0 e[} oS

Note that the permutations appearing in the definition of g;(o) satisfy 7(J) = o(J).

Let 01,09 € S, be two permutations such that o1(j) = o2(j) for all j € J.
Moreover, let 71,7 € S, satisfy 71(j) = 72(j) for all j € J, 71(j) = o1(j) for all
j & J,and 12(j) = o2(j) for all j & J. Then it holds for the permutation signs that
(=1)71(—=1)™ = (—1)?2(—1)"™. This implies that g;(c1) = ¢gs(02). We obtain

m k

(C.2) E[det(X)Z] = Z(m —k)! Z Z Z Z (=1)7*" H Qig(nydn Liznydn -

k=0 Je{m} 1e{m} 5ES, 7ES, h=1



30 M. DRTON, H. MASSAM AND I. OLKIN

By the Binet-Cauchy theorem,

m

E[det(X)*] = > (m —k)

k=0

m

S m—k)N >

! Z Z det(A[J)2:

re{y}Je{y}

det(Apu AT xpm) = D (m — k)l tr [(AAT)®]. O

k=0 re{7} k=0
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