The Matsumoto-Yor property on trees

Hélène Massam * and Jacek Wesołowski **

* Department of Mathematics and Statistics, York University, 4700 Keele Street, Toronto, ON, M3J 1P3, Canada.

** Wydział Matematyki i Nauk Informacyjnych, Politechnika Warszawska, Warszawa, Poland.

E-mail: *massamh@yorku.ca, ** wesolo@mini.pw.edu.pl Running title: The Matsumoto-Yor property on trees

Abstract Viewing the Matsumoto-Yor property as a bivariate property with respect to the simple tree with two vertices and one edge, we extend it to a p-variate property with respect to any tree with p vertices. The converse of the Matsumoto-Yor property which gives the characterization of the product of a gamma and a GIG distribution is extended to the characterization of the product of a gamma and (p − 1) GIG distributions. A striking feature of this characterization is that we need the independence of the components of random vectors corresponding to the leaves of the tree only. We illustrate our results with two particular trees: the two-link chain and the three-branch ”daisy”.

Keywords: gamma, inverse Gaussian, characterization of the product of a gamma and generalized inverse Gaussians, independence, Matsumoto-Yor property, tree, Wishart.

1

1 Introduction

The gamma γ(p, a) and the generalized inverse Gaussian GIG(q, b, c) distributions are defined, respectively, by the following densities f(x) ∝ x^{p−1}e^{−ax}I_{(0,∞)}(x) and g(y) ∝ y^{q−1}e^{−by−c/y}I_{(0,∞)}(y) , where p, a, b, c are positive numbers and q is a real. While studying properties of exponential Brownian motion, Matsumoto and Yor (2001) showed that if two random variables X and Y are independent and follow the GIG(−q, a, b) and γ(q, a) distributions respectively then the two variables U and V defined as U = 1 X + Y and V = 1 X − 1 X + Y (1.1)

are also independent and follow the GIG(−q, b, a) and γ(q, b) distributions, respectively. They actually originally proved it for a = b only but it was noticed in Letac and Wesołowski (2000) that the property holds also for a ≠ b. Matsumoto and Yor (2003) interpreted this extension through properties of functionals of exponential Brownian motion.

Letac and Wesołowski (2000) proved the converse that is, if X and Y are independent and U and V are also independent then (X, Y ) ∼ GIG(−q, a, b) ⊗ γ(q, a). Regression versions of this characterization were given in Seshadri and Wesołowski (2001) and Wesołowski (2002).

Both the direct Matsumoto-Yor (henceforth abbreviated as MY) property and its converse were proved for the matrix variate case in Letac and Wesołowski (2000) and Wesołowski (2002) for matrix variates X, Y , U and V having the same dimensions and in Massam and Wesołowski (2003) for matrix variates having different dimensions. In this latter paper the MY property for matrix variates was obtained by identifying the joint distribution of (X, Y ) with the conditional distribution of (K^{−1}_1 , K_2 − K_{21}K^{−1}_1 K_{12}) given K_{12} = k_{12}, where (K_1, K_{12}, K_2) is a block partitioning of a Wishart random matrix K. Since the inverse of a GIG random variable is also GIG there is no reason to work with X = K^{−1}_1 rather than X = K_1. So, if we identify the joint distribution of (X, Y ) with the conditional distribution of (K_1, K_2 − K_{21}K^{−1}_1 K_{12}) given K_{12} = k_{12}, the MY property can be expressed as follows. Let the two independent random variables X and Y follow the GIG(q, a, b) and γ(q, b) distributions respectively. Then the two variables U and V defined as U = X − 1 Y +^1_X and V = Y + 1 X (1.2)

are also independent and follow the γ(q, a) and GIG(q, b, a) distributions, respectively. The form of (1.2) might not be as appealing as that of (1.1). However the variables X, Y , U, V as given above are the ”right” variables and the natural object to work with is the Wishart random matrix K, more precisely its conditional distribution given the off-diagonal elements.

Indeed, with this new identification of the distribution of (X, Y ) the connection between K_1, K_2, X, Y, U and V can be represented by mappings defined graphically as follows. Let G be the simple tree with two vertices {1, 2} and the edge (1, 2). Let k_{12} ∈ IR be given. To each vertex i we assign a variable k_i, i = 1, 2, with

(k_1, k_2) ∈ M̃(G) = {(k_1, k_2) : k_1 > 0, k_1k_2 > k^2_{12}}

We now choose the vertex 1 as the root of the tree G and attach to the tree thus directed the mapping ψ_1 : M̃(G) → (0, ∞)^2 defined by

ψ_1(k_1, k_2) = ( k_1, k_2 − k^2_{12} k_1 ) . Similarly, when the vertex 2 is the root of the tree we attach the mapping ψ_2 : M̃(G) → (0, ∞)^2 defined by

ψ_2(k_1, k_2) = ( k_1 − k^2_{12} k_2 , k_2 ) , so that the transformation of the pair (X, Y ) into (U, V ) is defined by means of the following two relations

(x, y) = ψ_1(k_1, k_2) and (u, v) = ψ_2(k_1, k_2) .

We will now formulate the MY property in a new way which allows for a natural multivariate generalization. It is not clear what such a generalization would be, had we started from the classical formulation (1.1) or even from (1.2).

We first define the W^c_G(k_{12}, a, b, q) distribution on M̃(G) as the distribution with density f(k_1, k_2) ∝ (k_1k_2 − k^2_{12})^{q−1}e^{−ak1−bk2} ,

where a, b and q are positive. This distribution can be viewed as the conditional distribution of (K_1, K_2) given K_{12} = k_{12}, when K is a Wishart matrix. (This is why we use the upper index “c” in the symbol W^c_G.) It has been considered before for instance in Letac and Massam (2001) while proving the characterization of the quasi-Wishart distribution using the classical MY property. Having defined the W^c_G distribution we can state the MY property as follows:

Let (K_1, K_2) be a random vector following the W^c_G(k_{12}, a, b, q) distribution. Then (X, Y ) = ψ_1(K_1, K_2) ∼ GIG(q, a, b) ⊗ γ(q, b) and (U, V ) = ψ_2(K_1, K_2) ∼ γ(q, a) ⊗ GIG(q, b, a). Similarly, the characterization obtained in Letac and Wesołowski (2000) can be restated as follows:

If both (X, Y ) = ψ_1(K_1, K_2) and (U, V ) = ψ_2(K_1, K_2) have positive nondegenerate independent components then (K_1, K_2) ∼ W^c_G(k_{12}, a, b, q) for some positive a, b and q.

In this paper the process by which we created the dual pairs (x, y) and (u, v), as described above, will be extended to any tree G with p ≥ 2 vertices. We will build p vectors in IR^p_+ by transforming (k_1, . . . , k_p) through mappings ψ_r, r = 1, . . . , p. These mappings are in one-to-one correspondence with the p directed trees created from G by moving the single root r through all possible vertices. We will also define a p-variate version of the W^c_G distribution. With these tools we will obtain a p-variate version of the MY property and its converse. In the next section we establish some preliminary results that we shall need to prove our main results. The main results are in Sections 3 and 4. In Section 3 we define the general W^c_G distribution, prove the p-variate MY property and illustrate it with two examples corresponding to the two basic trees; that is the tree with three vertices in a line and the tree with four vertices and three leaves forming a ”daisy”. In Section 4 we give the converse of the MY property that is the characterization of the product of (p − 1) GIG distributions and one gamma distribution. We illustrate the converse with the same two examples.

2 Preliminaries

Let G = (V, E) be a tree, where V = {1, . . . , p} is the set of vertices and the set of edges E is a set of unordered pairs (i, j) such that the distinct vertices i and j are linked in G. Let L ⊂ V denote the set of leaves of G. For a given leaf m ∈ L we write m_1 for its only neighbour. From an undirected tree G we can create a directed tree by choosing a single root. In this paper directed trees will have one root only, which we usually denote by r. For a vertex i in a directed tree G we say that j is a child of i if there is a directed edge going from i to j. Each vertex i has at most one child which we denote c(i). If i is a root c(i) is empty. For a vertex i in a directed tree G we say that j is a parent of i if there is a directed edge going from j to i. The vertex i may have several parents. The set of parents of i is denoted p(i). If i is a leaf p(i) = ∅.

Let V^+_p be the cone of p × p positive definite symmetric matrices. We define

M(G, K_G) = {k = (k_1, . . . , k_p) ∈ IR^p : k = [k_{ij} ] ∈ V^+_p , k_{ii} = k_i, k_{ij} ∈ K_G, i ≠ j} , (2.1)

where K_G = {k_{ij} ≠ 0, (i, j) ∈ E, k_{ij} = 0, (i, j) ∉ E} is a given set of off-diagonal entries for the matrix k = [k_{ij} ].

For a given leaf m ∈ L let G^{−m} be the graph induced from G by the subset V \ {m}, i.e. G^{−m} = (V^{−m}, E^{−m}), where V^{−m} = V \ {m} and E^{−m} = E \ {(m_1, m)}. (Hereafter as in the previous sentence, the superindex −m is, of course, never to be read as a power.) Finally, let K_G−m be the set of off-diagonal elements obtained from K_G by discarding k_{m1m} ≠ 0 and k_{im} = 0, i ∈ V \ {m_1, m}.

Lemma 2.1 For k = (k_1, . . . , k_p) ∈ M(G, K_G) and m ∈ L, define the (p − 1)-dimensional

vector k^{−m} with components

k^{−m}_i = k_i , i ∈ V^{−m} \ {m_1}, k^{−m}_{m1} = k_{m1} − k^2_{m1m} k_m . (2.2)

This vector k^{−m} is in M(G^{−m}, K_G−m ).

Furthermore for any k^{−m} ∈ M(G^{−m}, K_G−m ) and any k_m > 0 the vector ( k^{−m}_1 , . . . , k^{−m}_{m1 −1}, k^{−m}_{m1} + k^2_{m1m} k_m , k_m ) ∈ M(G, K_G) .

Proof: Without loss of generality we can assume that p = m and p − 1 = m_1. We observe that the determinant of the matrix k is such that

|k| = (2.3) | | | | | | | | | | | k_1 ∗ . . . ∗ ∗ 0 ∗ k_2 . . . ∗ ∗ 0 . . . . . . . . . . . . . . . . . . ∗ ∗ . . . k_{m1 −1} ∗ 0 ∗ ∗ . . . ∗ k_{m1} k_{m1 ,m} 0 0 . . . 0 k_{m,m1} k_m

| | | | | | | | | | | = k_m

| | | | | | | | | k_1 ∗ . . . ∗ ∗ ∗ k_2 . . . ∗ ∗ . . . . . . . . . . . . . . . ∗ ∗ . . . k_{m1−1} ∗ ∗ ∗ . . . ∗ k_{m1} −^{k2m1,m}_{km}

| | | | | | | | | ,

where the second matrix in the equation above, denoted k^{−m}, is of dimension (p − 1) × (p − 1). Since |k| > 0 and k_m > 0 the vector ( k_1, . . . , k_{m1 −1}, k_{m1} − k^2_{m1,m} k_m ) ∈ M(G^{−m}, K_G−m ) . (2.4) Conversely, given the vector k^{−m} = (k^{−m}_1 , . . . , k^{−m}_{m1} ) ∈ M(G^{−m}, K_G−m ) and k_m > 0 let us show that

(k_1, . . . , k_m) = ( k^{−m}_1 , . . . , k^{−m}_{m1} + k^2_{m1 m} k_m , k_m ) ∈ M(G, K_G) . To do so it is sufficient to show that all principal minors of the matrix k are positive. Clearly this is so for the first m_1 − 1. The m_1-th is the determinant of the matrix which has all its entries equal to the respective entries of k^{−m} except for the (m_1, m_1) entry which is (k^{−m})_{m1m1} +^{k2m1m}_{km} . Since k^{−m} is positive definite and^{k2m1m}_{km} > 0 then the m_1-th principal minor is positive. From (2.3) it is clear that the m-th principal minor is also positive. □

For any r ∈ V we direct the tree G by choosing r as the single root. For the tree thus directed we define the mapping ψ_r : M(G, K_G) → IR^p_+ by

ψ_r(k_1, . . . , k_p) = (k_{1,(r)}, . . . , k_{p,(r)}) , (2.5)

where, starting with the leaves and moving towards the root along the directed paths, k_{i,(r)} = k_i if i is a leaf , k_i − ∑ j∈p(i) k^2_{ij} k_{j,(r)} otherwise

. (2.6)

We denote ψ(G) = {ψ_r, r ∈ V }.

Lemma 2.2 For any j ∈ V^{−m}

k^{−m}_{j,(r)} = k_{j,(r)} , and k^{−m}_{j,(m1)} = k_{j,(m)} , r ∈ L \ {m} . (2.7)

Proof: Indeed observe that for any j on the path linking m and r ∈ L \ {m}, j ≠ m, the quantity k_{j,(r)} depends on k_m only through k_{m1} −^{k2m1m}_{km} and for j’s not on this path k_{j,(r)} does not depend on k_m. This proves the first equality. The second equality follows immediately from the fact that for j ≠ m we have k_{j,(m)} = k_{j,(m1)}. □

Lemma 2.3 For any r ∈ V the mapping ψ_r : M(G, K_G) → IR^p_+ defined by (2.5) and

(2.6) is a bijection and its Jacobian is equal to one.

Proof: From (2.6) it is clear that ψ_r is into. To prove that it is onto we proceed by induction on the size p of the graph. We use our induction assumption on the graph G^{−m}, where m is a leaf. Without loss of generality we can assume that p = m and p − 1 = m_1. Then the only thing to show is that if the m_1 × m_1 submatrix of k as in (2.3) is positive definite then k is also positive definite. This follows from an argument parallel to that in the proof of Lemma 2.1. Given the triangular form of (2.6) the Jacobian is clearly equal to one. □

Lemma 2.4 Given any root r ∈ V we have

|k| = ∏ i∈V k_{i,(r)} . (2.8)

Proof: We will proceed by induction on the size p of the tree G. The statement is obvious for p = 2 (this reduces to k_1(k_2 − k^2_1/k_1) = (k_1 − k^2_{12}/k_2)k_2). Let us now assume that (2.8) is true for any tree G_{p−1} of size of p − 1, for any set K_{Gp−1} of off-diagonal elements and for any k ∈ M(G_{p−1}, K_{Gp−1} ). Choose an arbitrary root r ∈ V and a leaf m ≠ r, which is always possible since a tree has at least two leaves. As usual we write m_1 = c(m). Without loss of generality, we can assume that p = m and p − 1 = m_1.

Let ψ^{−m}_r be an element of ψ(G^{−m}). Note that for i ∈ V \ {m} the i-th component (ψ^{−m}_r )_i of ψ^{−m}_r ( k_1, . . . , k_{m1−1}, k_{m1} − k^2_{m1,m} k_m )

is equal to the i-th component (ψ_r)_i of ψ_r(k_1, . . . , k_m). Since by the induction assumption |k^{−m}| = ∏ i∈V \{m} (ψ^{−m}_r )_i

and since k_m = (ψ_r)_m, it follows from (2.3) that

|k| = k_m|k^{−m}| = (ψ_r)_m ∏ i∈V \{m} (ψ^{−m}_r )_i = ∏ i∈V (ψ_r)_i ,

which shows (2.8). □

Lemma 2.5 For any root r ∈ V and for any a = (a_1, . . . , a_p) ∈ IR^p, we have

(a, k) = ∑ i∈V a_ik_i = a_rk_{r,(r)} + ∑ i∈V, i≠r ( a_ik_{i,(r)} + k^2_{ic(i)}a_{c(i)} k_{i,(r)} ) = ∑ i∈V ( a_ik_{i,(r)} + k^2_{ic(i)}a_{c(i)} k_{i,(r)} ) . (2.9)

Proof: The first equality holds by definition of the inner product in IR^p. From the definition of k_{i,(r)}’s it is clear that

(a, k) = ∑ i∈V a_ik_i = ∑ i∈V a_i k_{i,(r)} + ∑ j∈p(i) k^2_{ij} k_{j,(r)} .

Since each i ∈ V \ {r} has only one child, by changing the order of summation in the equation above we see that the second equality in (2.9) holds. The third equality follows immediately if we recall that the root does not have a child. □

3 The multivariate MY property

Let G = (V, E) be a tree with p vertices. For K_G as defined in the previous section, for given positive q and a = (a_1, . . . , a_p) ∈ IR^p_+, we define the p-variate W^c_G(q, K_G, a) distribution as the distribution with density f(k) ∝ |k|^{q−1}e^{−(a,k)} , k ∈ M(G, K_G) (3.1) and zero otherwise. Since M(G, K_G) is a subset of IR^p_+ it is clear that f is a density. As in the two-dimensional case the upper index “c” in the symbol W^c_G refers to the fact that the distribution with density (3.1) is the conditional distribution of the diagonal elements of the G-Wishart random matrix (see Atay-Kayis and Massam (2003)) given its off-diagonal elements.

With this distribution and the variables X_r = ψ_r(K), r ∈ V , we are now going to give a multivariate version of the MY property.

Theorem 3.1 Let G = (V, E) be a tree of size p, where p is any integer greater than

or equal to two. Let K = (K_1, . . . , K_p) be a random vector following the W^c_G(q, K_G, a)

distribution with a = (a_1, . . . , a_p) ∈ IR^p_+ and positive q. Define X_r = ψ_r(K), r ∈ V . Then

for each r ∈ V the components of X_r = (X_{1,(r)}, . . . , X_{p,(r)}) are independent.

Moreover,

X_{r,(r)} ∼ γ(q, a_r) and X_{i,(r)} ∼ GIG ( q, a_i, k^2_{ic(i)}a_{c(i)} ) , i ∈ V \ {r} . (3.2)

Proof: Using (2.8) and (2.9), we can split the density (3.1) of K in p different ways corresponding to the p different possible choices of r ∈ V

f(k) ∝ k^{q−1}_{r,(r)}e^{−ar kr,(r)} ∏ i∈V,i≠r k^{q−1}_{i,(r)}e − ( a_ik_{i,(r)}+^k 2 ic(i) ac(i) ki,(r) ) . This is clearly the product of the gamma and the p − 1 GIG densities as stated in the theorem. Since by Lemma 2.3 the mappings ψ_r’s are bijections with Jacobian equal to one the result follows. □ We illustrate this theorem with two examples.

Example 1. Let G be the tree with V = {1, 2, 3} and E = {(1, 2), (2, 3)} and K_G = {k_{12} = 1, k_{23} = 1}. The mappings ψ_r, r ∈ V , are therefore

ψ_1(k_1, k_2, k_3) = ( k_1 − 1 k_2 −^1_{k3}

, k_2 − 1 k_3 , k_3 ) , ψ_2(k_1, k_2, k_3) = ( k_1, k_2 − 1 k_1 − 1 k_3 , k_3 ) , ψ_3(k_1, k_2, k_3) = ( k_1, k_2 − 1 k_1

, k_3 − 1 k_2 −^1_{k1} ) . The decomposition in (2.8) and (2.9) are in this case

|k| = k_1k_2k_3 − k_1 − k_3 = ( k_1 − 1 k_2 −^1_{k3} ) ( k_2 − 1 k_3 ) k_3

= k_1 ( k_2 − 1 k_1 − 1 k_3 ) k_3 = k_1 ( k_2 − 1 k_1 ) ( k_3 − 1 k_2 −^1_{k1} )

and a_1k_1 + a_2k_2 + a_3k_3 = a_1 ( k_1 − 1 k_2 −^1_{k3} ) + a_2 ( k_2 − 1 k_3 ) + a_1 1 k_2 −^1_{k3}

+ a_3k_3 + a_2 1 k_3

= a_1k_1 + a_2 1 k_1

+ a_2 ( k_2 − 1 k_1 − 1 k_3 ) + a_3k_3 + a_2 1 k_3

= a_1k_1 + a_2 1 k_1

+ a_2 ( k_2 − 1 k_1 ) + a_3 1 k_2 −^1_{k1}

+ a_3 ( k_3 − 1 k_2 −^1_{k1} ) . If K = (K_1, K_2, K_3) follows the W^c_G(q, K_G, a) distribution with a = (a_1, a_2, a_3) then

(X_1, X_2, X_3) = ψ_3(K) ∼ GIG(q, a_1, a_2) ⊗ GIG(q, a_2, a_3) ⊗ γ(q, a_3) , (Y_1, Y_2, Y_3) = ψ_1(K) ∼ γ(q, a_1) ⊗ GIG(q, a_2, a_1) ⊗ GIG(q, a_3, a_2) , (Z_1, Z_2, Z_3) = ψ_2(K) ∼ GIG(q, a_1, a_2) ⊗ γ(q, a_2) ⊗ GIG(q, a_3, a_2) .

We want to emphasize here the analogy between the classical bivariate MY property given in (1.2) and our present three-dimensional result. We rewrite (1.2) with X = X_1, Y = X_2, U = Y_2 and V = Y_1.

If (X_1, X_2) ∼ GIG(q, a_1, a_2) ⊗ γ(q, a_2) then

(Y_1, Y_2) = ( X_1 − 1 X_2 +^1_{X1}

, X_2 + 1 X_1 ) ∼ γ(q, a_1) ⊗ GIG(q, a_2, a1) . The three-dimensional MY property given above can be rephrased as:

If (X_1, X_2, X_3) ∼ GIG(q, a_1, a_2) ⊗ GIG(q, a_2, a_3) ⊗ γ(q, a_3) then

(Y_1, Y_2, Y_3) = X1 − 1 X_2 +^1_{X1} −^1_{X3+ 1X2}

, X_2 + 1 X_1 − 1 X_3 +^1_{X2}

, X_3 + 1 X_2 ∼ γ(q, a_1) ⊗ GIG(q, a_2, a_1) ⊗ GIG(q, a_3, a_2) and (Z_1, Z_2, Z_3) = ( X_1, X_2 − 1 X_3 +^1_{X2}

, X_3 + 1 X_2 )

∼ GIG(q, a_1, a_2) ⊗ γ(q, a_2) ⊗ GIG(q, a_3, a_2) . Example 2. Let G be the tree with V = {1, 2, 3, 4} and E = {(1, 2), (1, 3), (1, 4)} and K_G = {k_{12} = 1, k_{13} = 1, k_{14} = 1}. The mappings ψ_r, r ∈ V , are therefore

ψ_1(k_1, k_2, k_3, k_4) = ( k_1 − 1 k_2 − 1 k_3 − 1 k_4

, k_2, k_3, k_4 ) , ψ_2(k_1, k_2, k_3, k_4) = ( k_1 − 1 k_3 − 1 k_4

, k_2 − 1 k_1 −^1_{k3} −^1_{k4}

, k_3, k_4 ) , ψ_3(k_1, k_2, k_3, k_4) = ( k_1 − 1 k_2 − 1 k_4

, k_2, k_3 − 1 k_1 −^1_{k2} −^1_{k4} , k_4 ) , ψ_4(k_1, k_2, k_3, k_4) = ( k_1 − 1 k_2 − 1 k_3

, k_2, k_3, k_4 − 1 k_1 −^1_{k2} −^1_{k3} ) . The decomposition in (2.8) and (2.9) are in this case

|k| = k_1k_2k_3k_4 − k_2k_3 − k_3k_4 − k_2k_4 = ( k_1 − 1 k_2 − 1 k_3 − 1 k_4 ) k_2k_3k_4 = ( k_1 − 1 k_3 − 1 k_4 ) ( k_2 − 1 k_1 −^1_{k3} −^1_{k4} ) k_3k_4 = ( k_1 − 1 k_2 − 1 k_4 ) k_2 ( k_3 − 1 k_1 −^1_{k2} −^1_{k4} ) k_4 = ( k_1 − 1 k_2 − 1 k_3 ) k_2k_3 ( k_4 − 1 k_1 −^1_{k2} −^1_{k3} ) and a_1k_1 + a_2k_2 + a_3k_3 + a_4k_4

= a_1 ( k_1 − 1 k_2 − 1 k_3 − 1 k_4 ) + a_2k_2 + a_1 1 k_2

+ a_3k_3 + a_1 1 k_3

+ a_4k_4 + a_1 1 k_4

= a_1 ( k_1 − 1 k_3 − 1 k_4 ) + a_2 1 k_1 −^1_{k3} −^1_{k4}

+ a_2 ( k_2 − 1 k_1 −^1_{k3} −^1_{k4} ) + a_3k_3 + a_1 1 k_3

+ a_4k_4 + a_1 1 k_4

= a_1 ( k_1 − 1 k_2 − 1 k_4 ) + a_3 1 k_1 −^1_{k2} −^1_{k4}

+ a_2k_2 + a_1 1 k_2

+ a_3 ( k_3 − 1 k_1 −^1_{k2} −^1_{k4} ) + a_4k_4 + a_1 1 k_4

= a_1 ( k_1 − 1 k_2 − 1 k_3 ) + a_4 1 k_1 −^1_{k2} −^1_{k3}

+ a_2k_2 + a_1 1 k_2

+ a_3k_3 + a_1 1 k_3

+ a_4 ( k_4 − 1 k_1 −^1_{k2} −^1_{k3} ) . If K = (K_1, K_2, K_3, K_4) follows the W^c_G(q, K_G, a) distribution with a = (a_1, a_2, a_3, a_4) then

(X_1, X_2, X_3, X_4) = ψ_3(K) ∼ GIG(q, a_1, a_3) ⊗ GIG(q, a_2, a_1) ⊗ γ(q, a_3) ⊗ GIG(q, a_4, a_1) , (Y_1, Y_2, Y_3, Y_4) = ψ_1(K) ∼ γ(q, a_1) ⊗ GIG(q, a_2, a_1) ⊗ GIG(q, a_3, a_1) ⊗ GIG(q, a_4, a_1) , (Z_1, Z_2, Z_3, Z_4) = ψ_2(K) ∼ GIG(q, a_1, a_2) ⊗ γ(q, a_2) ⊗ GIG(q, a_3, a_1) ⊗ GIG(q, a_4, a_1) , (T_1, T_2, T_3, T_4) = ψ_4(K) ∼ GIG(q, a_1, a_4) ⊗ GIG(q, a_2, a_1) ⊗ GIG(a_3, a_1) ⊗ γ(q, a_4) .

4 The characterization

In this section we will show that if the components of X_r, r ∈ L, are independent, then the distribution of K is W^c_G, which implies that for all r ∈ V , ψ_r(K) follows a distribution which is a product of gamma and GIG’s as given in (3.2).

Theorem 4.1 Let G = (V, E) be a tree of size p. Let L ⊂ V be its set of leaves. Let

the set K_G be given and let K be a random vector taking its values in M(G, K_G). Let

X_r = ψ_r(K), r ∈ V . If for any root r ∈ L the components of X_r = (X_{1,(r)}, . . . , X_{p,(r)}) are

mutually independent then there exist q > 0 and a = (a_1, . . . , a_p) with positive components

such that K ∼ W^c_G(q, K_G, a), which implies that (3.2) holds.

Proof: Our proof will be in three steps. In Step one we will prove that there exist q > 0 such that, for any root r ∈ L, there exists a_r > 0 such that X_{r,(r)} ∼ γ(q, a_r). In Step two using two arbitrarily chosen leaves m, n ∈ L we will identify the densities of the random variables X_{j,(l)} for l = m, n and j ∈ V as gamma’s and GIG’s with parameters q^{−l}, a^{−l}_j , j ∈ V , l = m, n. In Step three we will show that the two sets of parameters, for l = m and l = n, are identical.

Step one. In this step our method of proof is an extension of the method used in Letac and Wesołowski (2000, Th. 4.1).

For any positive integer α and any root r ∈ L, let us define A^α_r as follows

A^α_r = E [( ∏ i∈V X_{i,(r)} )_α e ∑ i∈V ( s_iX_{i,(r)}+k^2_{ic(i)}s_{c(i)}X^{−1}_{i,(r)} )] = ∏ i∈V A^α_{i,(r)} , (4.1)

where A^α_{i,(r)} = E [( X_{i,(r)} )_α e^{siXi,(r)+k2ic(i)sc(i)X−1i,(r)} ] . By (2.8) and (2.9) it is clear that for all r ∈ L

A^α_r = E ( |K|^αe ∑ i∈V s_iK_i ) , (4.2)

where K is the matrix with random diagonal elements K_{ii} = K_i, i ∈ V , and constant off-diagonal elements K_{ij} = k_{ij} ∈ K_G, i ≠ j.

Let us consider two roots m, n ∈ L. There is a unique path P ⊂ V in G linking m and n. Consider i, j ∈ P which are adjacent. Let us now differentiate the equality

log (A^α_m) = ∑ l∈V log [ E ( X^α_{l,(m)}e^{slXl,(m)+k2lc(l)sc(l)X−1l,(m)} )]

= log (A^α_n) = ∑ l∈V log [ E ( X^α_{l,(n)}e^{slXl,(n)+k2lc(l)sc(l)X−1l,(n)} )] , which is a consequence of (4.2), with respect to s_i and s_j. Since the pair (s_i, s_j ) appears only in one summand in each one of the expressions above, the differentiation leads to 1 − A^{α−1}_{i,(m)}A^{α+1}_{i,(m)} ( A^α_{i,(m)} )_2 = 1 − A^{α−1}_{j,(n)}A^{α+1}_{j,(n)} ( A^α_{j,(n)} )_2 ,

where we have assumed, without loss of generality, that j = c(i) in the tree with root m and thus i = c(j) in the tree with root n. For α = 1 this yields A^0_{i,(m)}A^2_{i,(m)} ( A^1_{i,(m)} )_2 = A^0_{j,(n)}A^2_{j,(n)} ( A^1_{j,(n)} )_2 . (4.3)

Using A^α_m = A^α_n for α = 0, 1, 2, we immediately obtain ∏ l∈V A^0_{l,(m)}A^2_{l,(m)} ( A^1_{l,(m)} )_2 = ∏ l∈V A^0_{l,(n)}A^2_{l,(n)} ( A^1_{l,(n)} )_2 . (4.4)

We have A^α_{l,(m)} = A^α_{l,(n)} for l ∉ P. (4.5)

For any i ∈ P different from m on the directed path from n to m, there exists j = c(i) ≠ n such that (4.3) holds. Similarly, for any j ∈ P different from n on the directed path from m to n, there exists i = c(j) ≠ n such that (4.3) holds. Using the identities (4.5) and the equalities (4.3) we can simplify (4.4) to obtain A^0_{m,(m)}A^2_{m,(m)} ( A^1_{m,(m)} )_2 = A^0_{n,(n)}A^2_{n,(n)} ( A^1_{n,(n)} )_2 .

By the principle of separation of variables the two sides of the equation above are constant. Through a standard argument, (see Letac and Wesołowski (2000)), it follows that there exist q, a_m and a_n positive such that X_{m,(m)} ∼ γ(q, a_m) and X_{n,(n)} ∼ γ(q, a_n). Since m and n were chosen arbitrarily in L it follows that there exists q > 0 such that for all r ∈ L there exist a_r > 0 such that X_{r,(r)} ∼ γ(q, a_r).

Step two. Since by (2.9) for any s = (s_1, . . . , s_p) ∈ IR^p (s, K) = s_rX_{r,(r)} + ∑ j∈V,j≠r s_jX_{j,(r)} with X_{j,(r)}, j ∈ V , j ≠ r, and X_{r,(r)} independent and since, as we have just proved it, X_{r,(r)} has a density, it follows that K and thus all X_{j,(r)}, j ∈ V , r ∈ L, have densities.

We will now prove that the distributions of X_{j,(r)}, j ∈ V \ {r}, r ∈ L, are GIGs. This will be done by induction on the size p of the graph G. Since we now know that the densities for X_{j,(r)}’s exist we can rewrite the independence assumption as ∏ i∈V f_{i,(r)}(k_{i,(r)}) = h(k) (4.6)

almost surely with respect to the Lebesgue measure for k = (k_1, . . . , k_p) ∈ M(G, K_G), where k_{i,(r)} is the i-th component of the vector ψ_r(k), i ∈ V , and where f_{i,(r)} is the density of X_{i,(r)}, i ∈ V , r ∈ L, and h is a function independent of r.

Let us fix m ∈ L. Let m_1 ∈ V be the only vertex adjacent to m in the tree G. Then (4.6) can be written as ∏ l∈V f_{l,(r)} ( k_{l,(r)} ) (4.7)

= f_{m,(m)} km − k^2_{mm1} k_{m1} − ∑ j∈p(m_1) k^2_{m1j} k_{j,(m)} f_{m1,(m)} k_{m1} − ∑ j∈p(m_1) k^2_{m1 j} k_{j,(m)} × ∏ i∈V \{m,m_1 } f_{i,(m)} ( k_{i,(m)} ) (4.8) for any r ∈ L \ {m}. We now fix k_m and consider the (p − 1)-dimensional vector k^{−m} as defined in (2.2).

According to Lemma 2.1 this vector belongs to M(G^{−m}, K_G−m ). Consequently, since k_m = k_{m,(r)} for any r ∈ L \ {m}, by Lemma 2.2 the equality in (4.7) can be rewritten as f_{m,(r)}(k_m) ∏ l∈V^{−m} f_{l,(r)} ( k^{−m}_{l,(r)} ) (4.9)

= f_{m,(m)} k^m − k^2_{mm1} k^{−m}_{m1} +^{k2m1m}_{km} − ∑ j∈p(m_1) k^2_{m1j} k^{−m}_{j,(m1)} f^m1^{,(m)} k^{−m}_{m1} + k^{2m1 m} k_m − ∑ j∈p(m_1) k^2_{m1j} k^{−m}_{j,(m1)} × ∏ i∈V \{m,m_1} f_{i,(m)} ( k^{−m}_{i,(m1)} ) . Since, when m is not the root, the set p(m_1) \ {m} in G is identical to the set p(m_1) in G^{−m} it follows that k^{−m}_{m1,(m1)} = k^{−m}_{m1} − ∑ j∈p(m_1) k^2_{m1j} k^{−m}_{j,(m1)} .

For r = n ∈ L \ {m} the equality (4.9) thus becomes ∏ i∈V^{−m} f_{i,(n)} ( k^{−m}_{i,(n)} ) = g ( k^{−m}_{m1 ,(m1)} ) ∏ i∈V^{−m}\{m_1} f_{i,(m)} ( k^{−m}_{i,(m1)} ) , (4.10)

where g(x) = f_{m,(m)} k_m − k^{2m,m1} x +^{k2m1,m}_{km} f_{m1,(m)} ( x + k^2_{m1,m} k_m )/ f_{m,(n)}(k_m) . We can always choose k_m in such a way that the above equation holds almost surely with respect to the Lebesgue measure for k^{−m} ∈ M(G^{−m}, K^{−m}_G ). Since all the functions on the left hand side of (4.10), apart from g, are densities of X_{j,(n)} = X^{−m}_{j,(n)} it follows that g is also a density, in fact it is the density of X^{−m}_{m1,(m1)}. Since L^{−m} ⊂ (L \ {m}) ∪ {m_1} it follows from (4.10) and our induction assumption that there exist q^{−m} > 0 and a^{−m}_i > 0, i ∈ V^{−m}, such that X^{−m}_{n,(n)} = X_{n,(n)} ∼ γ ( q^{−m}, a^{−m}_n ) , X^{−m}_{j,(n)} = X_{j,(n)} ∼ GIG ( q^{−m}, a^{−m}_j , k^2_{jc(j)}a^{−m}_{c(j)} ) , j ∈ V^{−m} \ {n} , X^{−m}_{j,(m1)} = X_{j,(m)} ∼ GIG ( q^{−m}, a^{−m}_j , k^2_{jc(j)}a^{−m}_{c(j)} ) , j ∈ V^{−m} \ {m_1} . Note that c(j) in the previous line denotes the child of j in the tree with root m while, in the line before that, c(j) denotes the child of j in the tree with root n.

Exchanging the role of m and n we have that there exist q^{−n} > 0 and a^{−n}_j > 0, j ∈ V^{−n}, such that X^{−n}_{m,(m)} = X_{m,(m)} ∼ γ ( q^{−n}, a^{−n}_m ) , X^{−n}_{j,(m)} = X_{j,(m)} ∼ GIG ( q^{−n}, a^{−n}_j , k^2_{jc(j)}a^{−n}_{c(j)} ) , j ∈ V^{−n} \ {m} , X^{−n}_{j,(n1)} = X_{j,(n)} ∼ GIG ( q^{−n}, a^{−n}_j , k^2_{jc(j)}a^{−n}_{c(j)} ) , j ∈ V^{−n} \ {n_1} , where, as before, c(j) in the previous line refers to the tree with root n and in the line before that to the tree with root m.

Thus we know the distributions of X_{j,(l)} for any j ∈ V , l = m, n. Step three. We know from Step one that X_{m,(m)} and X_{n,(n)} are respectively γ(q, a_m) and γ(q, a_n), from which it follows immediately that q^{−m} = q^{−n} = q and a^{−m}_n = a_n and a^{−n}_m = a_m. Then the independence equation (4.6) for r = m, n, can be written as ∏ j∈V k_{j,(m)} q−1 exp ∑ j∈V \{n} ( a^{−n}_j k_{j,(m)} + a^{−n}_{c(j)} k^2_{jc(j)} k_{j,(m)} ) + a^{−m}_n k_{n,(m)} + a^{−m}_{c(n)} k^2_{nc(n)} k_{n,(m)}

= ∏ j∈V k_{j,(n)} q−1 exp ∑ j∈V \{m} ( a^{−m}_j k_{j,(n)} + a^{−m}_{c(j)} k^2_{jc(j)} k_{j,(n)} ) + a^{−n}_m k_{m,(n)} + a^{−n}_{c(m)} k^2_{mc(m)} k_{m,(n)} , where on the first line c(j) denotes the child of j in the tree with root m and on the second line it denotes the child of j in the tree with root n. Define

a^{−n}_n = a^{−m}_n and a^{−m}_m = a^{−n}_m .

Then, by (2.8) and (2.9), the equality above yields ∑ j∈V a^{−m}_j k_j + ( a^{−n}_{c(m)} − a^{−m}_{c(m)} ) k^2_{mc(m)} k_m = ∑ j∈V a^{−n}_j k_j + ( a^{−m}_{c(n)} − a^{−n}_{c(n)} ) k^2_{nc(n)} k_n . Let k_m → 0. If a^{−n}_{c(m)} and a^{−m}_{c(m)} are different then the left hand side of the equation above tends to ∞ while the right hand side remains finite which is impossible and therefore they are equal. Similarly a^{−m}_{c(n)} = a^{−n}_{c(n)}. Therefore the above equation becomes ∑ j∈V a^{−n}_j k_j = ∑ j∈V a^{−m}_j k_j . It is now obvious that a^{−m}_j = a^{−n}_j = a_j , j ∈ V . This completes the proof. □ Example 1. (characterization) Let G and K_G be as in Example 1, Section 3, so that L = {1, 3}. Let K = (K_1, K_2, K_3) be a random vector taking its values in M(G, K_G). Let

X = (X_1, X_2, X_3) = ψ_3(K) = ( K_1, K_2 − 1 K_1

, K_3 − 1 K_2 −^1_{K1} ) ,

Y = (Y_1, Y_2, Y_3) = ψ_1(K) = ( K_1 − 1 K_2 −^1_{K3}

, K_2 − 1 K_3 , K_3 ) . If the components of X are independent and the components of Y are independent then there exist q, a_1, a_2, a_3 positive such that K ∼ W^c_G(q, K_G, a_1, a_2, a_3). Consequently, the distributions of X, Y and Z = ψ_2(K) are products of one gamma and two GIG’s as given in Example 1, Section 3.

Example 2. (characterization) Let G and K_G be as in Example 2, Section 3. So L = {2, 3, 4}. Let K = (K_1, K_2, K_3, K_4) be a random vector taking its values in M(G, K_G). Let X = (X_1, X_2, X_3, X_4) = ψ_3(K) = ( K_1 − 1 K_2 − 1 K_4

, K_2, K_3 − 1 K_1 −^1_{K2} −^1_{K4} , K_4 ) ,

Z = (Z_1, Z_2, Z_3, Z_4) = ψ_2(K) = ( K_1 − 1 K_3 − 1 K_4

, K_2 − 1 K_1 −^1_{K3} −^1_{K4}

, K_3, K_4 )

T = (T_1, T_2, T_3, T_4) = ψ_4(K) = ( K_1 − 1 K_2 − 1 K_3

, K_2, K_3, K_4 − 1 K_1 −^1_{K2} −^1_{K3} ) . If the components of X are independent, the components of Z are independent and the components of T are independent then there exist q, a_1, a_2, a_3, a_4 positive such that K ∼ W^c_G(q, K_G, a_1, a_2, a_3, a_4). Consequently, the distributions of X, Y = ψ_1(K), Z and T are products of one gamma and three GIG’s as given in Example 2, Section 3.

5 References

Atay-Kayis, A., Massam, H. (2003), The marginal likelihood for decomposable and non decomposable graphical Gaussian models, 1-26, submitted.

Letac, G., Massam, H. (2001), The normal quasi-Wishart distribution, in: Algebraic Methods in Statistics and Probability, (M.A.G. Viana, D.St.P. Richards, eds), AMS Contemporary Mathematics 287, 231-239.

Letac, G., Wesołowski, J. (2000), An independence property for the product of GIG and gamma laws, Ann. Probab. 28, 1371-1383.

Massam, H. Wesołowski, J. (2003), The Matsumoto-Yor property and the structure of the Wishart distribution, 1-16, submitted.

Matsumoto, H., Yor, M. (2001), An analogue of Pitman’s 2M − X theorem for exponential Wiener functionals. Part II: The role of the generalized inverse Gaussian laws, Nagoya Math. J. 162, 65-86.

Matsumoto, H., Yor, M. (2003), Interpretation via Brownian motion of some independence properties between GIG and gamma variables. Statist. Probab. Lett. 61 (2003), 253-259.

Seshadri, V., Wesołowski, J. (2001), Mutual characterizations of the gamma and the generalized inverse Gaussian laws by constancy of regression. Sankhyã, A 63, 107-112.

Wesołowski, J. (2002), The Matsumoto-Yor independence property for GIG and Gamma laws, revisited, Math. Proc. Camb. Phil. Soc. 133, 153-161.